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Figure 1: Quadratic costs minimization as a product of Gaussians (PoG).

Introduction

This technical report presents several learning and optimal control techniques in robotics in the form of simple toy
problems that can be easily coded. It comes as part of Robotics Codes From Scratch (RCFS), a website containing
interactive sandbox examples and exercises, together with a set of standalone source code examples gathered in a git
repository, which can be accessed at:

https://rcfs.ch

Each section in this report lists the corresponding source codes in Python and Matlab (ensuring full compatibility
with GNU Octave), as well as in C++ and Julia for some of the principal examples, which can be accessed at:

https://gitlab.idiap.ch/rli/robotics-codes-from-scratch

Quadratic costs minimization as a product of Gaussians (PoG)

The solution of a quadratic cost function can be viewed probabilistically as corresponding to a Gaussian distribution.
Indeed, given a precision matrix W, the quadratic cost

c(x) = (x—p)"W(x —p), (1)
= |z — plliy, (2)

has an optimal solution «* = p. This solution does not contain much information about the cost function itself.
Alternatively, we can view x as a random variable with a Gaussian distribution, i.e., p(x) = N (u, X) where p and
3 = W ! are the mean vector and covariance matrix of the Gaussian, respectively. The negative log-likelihood of this
Gaussian distribution is equivalent to (2) up to a constant factor. According to p(x), & has the highest probability
at ¢, and ¥ gives the directional information on how this probability changes as we move away from p. The point
having the lowest cost in (2) is therefore associated with the point having the highest probability.

Similarly, the solution of a cost function composed of several quadratic terms

K

fi=argmin Y (@ — ) Wil — pu) (3)
k=1

can be seen as a product of Gaussians Hle/\/' (uk,kal), with centers pj and covariance matrices W, - !, The
Gaussian N (fi, W~1) resulting from this product has parameters

K -1 /K R K
a= <Z Wk) (Z Wka) , W= Z Wi..
k=1 k=1 k=1

£ and W are the same as the solution of (3) and its Hessian, respectively. Viewing the quadratic cost probabilis-
tically can capture more information about the cost function in the form of the covariance matrix WL,

Figure 1 shows an illustration for 2 Gaussians in a 2-dimensional space. It also shows that when one of the Gaussians
is singular, the product corresponds to a projection operation, that we for example find in nullspace projections to
solve prioritized tasks in robotics.


https://rcfs.ch
https://gitlab.idiap.ch/rli/robotics-codes-from-scratch

Newton’s method for minimization

We would like the find the value of a decision variable x that would give us
a cost c(z) that is a small as possible, see Figure 2. Imagine that we start
from an initial guess x7 and that can observe the behavior of this cost function
within a very small region around our initial guess. Now let’s assume that we
can make several consecutive guesses that will each time provide us with simi-
lar local information about the behavior of the cost around the points that we
guessed. From this information, what point would you select as second guess
(see question marks in the figure), based on the information that you obtained
from the first guess? There were two relevant information in the small portion
of curve that we can observe in the figure to make a smart choice. First, the
trend of the curve indicates that the cost seems to decrease if we move on the
left side, and increase if we move on the right side. Namely, the slope ¢'(x1)
of the function ¢(x) at point z; is positive. Second, we can observe that the
portion of the curve has some curvature that can be also be informative about
the way the trend of the curve ¢(z) will change by moving to the left or to the
right. Namely, how much the slope ¢(z1) will change, corresponding to an ac-
celeration ¢’ (x1) around our first guess x1. This is informative to estimate how
much we should move to the left of the first guess to wisely select a second guess.

Now that we
have this intuition, we can move to a more formal prob- C( x)
lem formulation. Newton’s method attempts to solve
min, ¢(x) or max, ¢(z) from an initial guess z; by using
a sequence of second-order Taylor approximations
of ¢(x) around the iterates, see Fig. 4.

The second-order Taylor expansion around the point
z can be expressed as

1
c(zr+Azy) ~ c(xy) + () Ay + 56//(9%) Az?, (4)
where ¢/(z1) and ¢”(xy) are the first and second deriva-

tives at point zg.
We are interested in solving minimization problems 0

2 2?2 2
e e e = I

0

Figure 2: Problem formulation.
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Figure 3: Newton’s method for minimization, starting from an
initial estimate z1 and converging to a local minimum (red point)
after 5 iterations.
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Figure 4: Newton’s method for minimization, starting from an
initial estimate z; and converging to a local minimum (red point)
after 5 iterations.
To find the local optima of a function, we can localize the points whose

derivatives are zero, see Figure 5 for an illustration.
Thus, by differentiating (4) w.r.t. Az and equating to zero, we obtain

d(zg) + " (z1) Az = 0,
meaning that the minimum is given by

)
C//(xk)

Ay = —

which corresponds to the offset to apply to x; to minimize the second-order
polynomial approximation of the cost at this point.

It is important that ¢”(zy) is positive if we want to find local minima, see
Figure 6 for an illustration.

By starting from an initial estimate z1 and by recursively refining the current
estimate by computing the offset that would minimize the polynomial approx-
imation of the cost at the current estimate, we obtain at each iteration k the
recursion

() i
C”(Cﬂk) : ( )

The geometric interpretation of Newton’s method is that at each iteration,
it amounts to the fitting of a paraboloid to the surface of ¢(x) at xy, having the
same slopes and curvature as the surface at that point, and then proceeding to
the maximum or minimum of that paraboloid. Note that if ¢(z) is a quadratic
function, then the exact extremum is found in one step, which corresponds to
the resolution of a least-squares problem.

Tk41 = Tk —

Multidimensional case

For functions that depend on multiple variables stored as multidimensional vec-
tors &, the cost function ¢(x) can similarly be approximated by a second-order
Taylor expansion around the point x; with

1 0?%c

+ Az, —
zy 2

de

c(xp+Azy) =~ c(zy) + Az, %

which can also be rewritten in augmented vector form as

Azs) o 111770 g7
C(:I:k-f— $k)~c(wk)+§ Az, 9o Ha| |Axy,

with gradient vector

oc
9 = 5l
and Hessian matrix
9%c
H@) = 52,

kanm

L >

Figure 5: Finding local optima by
localizing the points whose derivatives
are zero (horizontal slopes).
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Figure 6: Newton update that would
be achieved when the second derivative
is negative.

Axy, (6)
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We are interested in solving minimization problems
Wit}.l 'this appr.oximation. If th.e Hessian. mat.rix H(mk) is (1) + Az T () + 1 Azl H (@) Ay
positive definite, the quadratic approximation is a con- - -
vex function of Az, and its minimum can be found by g
setting the derivatives to zero, see Figure 7.

By differentiating (6) w.r.t. Az and equation to

c(x)

zero, we obtain that s

Aii‘k = —H(Jﬂk)il g(:ck), ‘ ‘;“»\ T3 .
is the offset to apply to x; to minimize the second-order T N .
polynomial approximation of the cost at this point. 0 Aw,

By starting from an initial estimate ®; and by re-
cursively refining the current estimate by computing the
offset that would minimize the polynomial approxima-
tion of the cost at the current estimate, we obtain at Figure 7: Newton’s method for minimization with 2D decision
each iteration k the recursion variables.

Ty

T1 =z — H(zy) ' g(z). 9)

Gauss—Newton algorithm

The Gauss—Newton algorithm is a special case of Newton’s method in which the cost is quadratic (sum of squared
function values), with ¢(z) = Zf’zl r2(z) = r7r = ||r||?, where r are residual vectors. We neglect in this case the

i

second-order derivative terms of the Hessian. The gradient and Hessian can in this case be computed with
g=2J'r, H=2J J,,

where J, € REXD is the Jacobian matrix of » € R®. This definition of the Hessian matrix makes it positive definite,
which is useful to solve minimization problems as for well conditioned Jacobian matrices, we do not need to verify the
positive definiteness of the Hessian matrix at each iteration.

The update rule in (9) then becomes

i1 = o — (I (@) T (@r)) " T () (@) (10)
=T — J;[(a:k) T’(wk), (11)

where J denotes the pseudoinverse of J,.
The Gauss—Newton algorithm is the workhorse of many robotics problems, including inverse kinematics and optimal
control, as we will see in the next sections.

Least squares

When the cost ¢(x) is a quadratic function w.r.t. @, the optimization problem can be solved directly, without requiring
iterative steps. Indeed, for any matrix A and vector b, we can see that if

c(x)=(Az —b)"(Axz —b),
derivating ¢(x) w.r.t.  and equating to zero yields
Az —b=0 < z = A'b,

which corresponds to the standard analytic least squares estimate. We will see later in the inverse kinematics section
that for the complete solution can also include a nullspace structure.

Least squares with constraints

A constrained minimization problem of the form

min (Az —b)"(Axz —b), st. Cx =h, (12)

xT

can also be solved analytically by considering a Lagrange multiplier variable A allowing us to rewrite the objective as

min (Az — b)" (Az — b) + A"(Cz — h),

)



Differentiating with respect to @ and A and equating to zero yields

AT(Ax—b)+C"A=0, Cx—h=0,

SR

With this augmented state representation, we can then see that

HRCa I

minimizes the constrained cost. The first part of this augmented state then gives us the solution of (12).

which can rewritten in matrix form as



Forward kinematics (FK) for a planar robot manipulator

The forward kinematics (FK) function of a planar robot manipu-
lator is defined as

-~ fi 01 cos(x1) + L cos(zy + x2) g
L7 cos(Lx) fo| = | Gisin(zy) + Losin(2y + 22) i
f = |£" sin(Lx) fs 21 + 29
| 1’z
[¢1cos(x1) +Llocos(xy +x9) +lzc08(x) +T0+23)+. . . b
= | ¢y sin(x1)+asin(zy +x2)+H3sin(zy + 2o+ 23)+. . . |, f
L r1+2xo+2x3+ ...

with @ the state of the robot (joint angles), f the position of the robot
endeffector, £ a vector of robot links lengths, L a lower triangular
matrix with unit elements, and 1 a vector of unit elements, see Fig. 8. 0

The position and orientation of all articulations can similarly be bil
computed with the forward kinematics function

Figure 8: Forward kinematics for a planar robot
with two links.

f= [L diag(€) cos(Lx), L diag(€)sin(Lx), La:} '
f1,1 f:1,2 f1,3 .
= |fox S22 fo3 .| (13)
fa1 f32 fas3

fl,l = (ycos(x1), ng = lycos(x1)+lacos(x1+x2), f~1)3 = {ycos(z1)+lac08(x1 +T2)+L3c08(z1 +T2+T3),
with f~2’1 = {1 sin(z1), fz’g = {1 sin(z1)+Losin(z1 +x2), f~2’3 = {y sin(zq)+Losin(xy +22) +l3sin(z) + 22 +3),

fa.1 =11, fao=x1 + 29, fa.3 =21+ 22 + 23.

In Python, this can be coded for the endeffector position part as

3 #State space dimension (joint angles)

np.ones(D) * np.pi / D #Robot pose

np.array ([2, 2, 1]) #Links lengths

np.tril(np.ones([D,D])) #Transformation matrix

np.array([L @ np.diag(l) @ np.cos(L @ x), L @ np.diag(l) @ np.sin(L @ x)]) #Forward kinematics

HH =X O
wowononon



Inverse kinematics (IK) for a planar robot manipulator

By differentiating the forward kinematics function, a least norm inverse kinematics solution can be computed with
& = Ji(z) f, (14)

where the Jacobian J(x) corresponding to the endeffector forward kinematics function f(x) can be computed as (with
a simplification for the orientation part by ignoring the manifold aspect)

[— sin(La) " diag(£)L
J = | cos(Lx)"diag(€)L
17
J171 J172 J173
= |J21 Joo Jaz ...,

| /31 J32 J33
with
Ji1 = 7(13iﬂ($1)7€2$i1’1($1 erz)ngSil’l((El +xo +ZD3)7. oy Ji2 = 7623in(w1 +w2)7€g,sin(w1 +x2 +I3)7 R 7535in(w1 +x2 JrCEg)f Ly
Ja,1 = £icos(xwy)+Lacos(xy+x2)+Lacos(xr+a2+x3)+..., J2,2 = Lacos(xzy+xa)+Lacos(xy+aa+x3)+..., Jo3 =4Lzcos(xzi+zatas)+t...,
Jz1 =1, J3,2 =1, J3,3 =1,

In Python, this can be coded for the endeffector position part as

J = np.array([-np.sin(L @ x).T @ np.diag(l) @ L, np.cos(L @ x).T @ np.diag(l) @ L]) #Jacobian (for endeffector)

This Jacobian can be used to solve the inverse kinematics (IK) problem that consists of finding a robot pose to
reach a target with the robot endeffector. The underlying optimization problem consists of minimizing a quadratic
cost ¢ = ||f — p||?, where f is the position of the endeffector and p is a target to reach with this endeffector. An
optimization problem with a quadratic cost can be solved iteratively with a Gauss—Newton method, requiring to
compute Jacobian pseudoinverses JT, see Section 3.1 for details.

GWB Numerical estimation of the Jacobian

Section 5 above presented an analytical solution for the Jacobian. A numerical solution can alternatively be
estimated by computing

_0filx) _ filaV) - fi(=z)

Jij = oz, R~ A Vi, V7,
with () a vector of the same size as  with elements
x(j) )z + A, ifk=j,
k Tk, otherwise,

where A is a small value for the approximation of the derivatives.

Inverse kinematics (IK) with task prioritization

In (14), the pseudoinverse provides a single least norm solution. This result can be generalized to obtain all
solutions of the linear system with

& = Ji(z) f + N(z) g(2), (15)

where g(x) is any desired gradient function and N(x) the nullspace projection operator
N(x)=1-J(z) J(z).

In the above, the solution is unique if and only if J(x) has full column rank, in which case N (x) is a zero matrix.
An alternative way of computing the nullspace projection matrix, numerically more robust, is to exploit the singular

value decomposition
J=UzVvT,



(a) Moving the first joint (b) Orientation tracking a as (c) Position tracking (d) Tracking of a moving object with the
as secondary task secondary task as secondary task right hand as secondary task

Figure 9: Examples of nullspace controllers. The red paths represent the trajectories of moving objects that need to be tracked by the
robot endeffectors.

to compute .
N=UUT,
where U is a matrix formed by the columns of U that span for the corresponding zero rows in 3.

Figure 9 presents examples of nullspace controllers. Figure 9a shows a robot controller keeping its endeffector still
as primary objective, while trying to move the first joint as secondary objective, which is achieved with the controller

0

ECH

1
] + N(x) |0

0
E Encoding with basis functions

Basis functions can be used to encode signals in a compact manner through a weighted superposition of basis
functions, acting as a dictionary of simpler signals that are superposed to form more complex signals.

Basis functions can for example be used to encode trajectories, whose input is a 1D time variable and whose
output can be multidimensional. For basis functions ¢(t) described by a time or phase variable ¢, the corresponding
continuous signal x(¢) is encoded with x(t) = ¢(t) w, with ¢ a continuous time variable and w a vector containing the
superposition weights. Basis functions can also be employed in a discretized form by providing a specific list of time
steps, which is the form we will employ next.

The term movement primitive is often used in robotics to refer to the use of basis functions to encode trajectories.
It corresponds to an organization of continuous motion signals in the form of a superposition in parallel and in series
of simpler signals, which can be viewed as “building blocks” to create more complex movements, see Fig. 10. This
principle, coined in the context of motor control [12], remains valid for a wide range of continuous time signals (for
both analysis and synthesis).

The simpler form of movement primitives consists of encoding a movement as a weighted superposition of simpler
movements. The compression aims at working in a subspace of reduced dimensionality, while denoising the signal and
capturing the essential aspects of a movement.

Univariate trajectories
A univariate trajectory &'® € R” of T datapoints can be represented as a weighted sum of K basis functions with

K
@’ =) ¢pw’=dw?, (16)
k=1

where ¢ can be any set of basis functions, including some common forms that are presented below (see also [2] for
more details).

Piecewise constant basis functions

Piecewise constant basis functions can be computed in matrix form as

where Ik is an identity matrix of size K and 1 T is a vector of length % compose of unit elements, see Fig. 10.

10
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Figure 10: Examples of basis functions. Left: Representation in timeline form for K = 5 and T = 300. Right: Representation in matrix
form for K =5 and T = 20, with a grayscale colormap where white pixels are 0 and black pixels are 1.

Radial basis functions (RBFs)
Gaussian radial basis functions (RBFs) can be computed in matrix form as
¢=exp(-A\EOE), with E=tl,—1r ", (18)

where ) is bandwidth parameter, ® is the elementwise (Hadamard) product operator, t € RT is a vector with entries
linearly spaced between 0 to 1, u* € R¥ is a vector containing the RBF centers linearly spaced on the [0, 1] range,
and the exp(-) function is applied to each element of the matrix, see Fig. 10.

RBFs can also be employed in a rescaled form by replacing each row ¢ with P .
i=1
Bernstein basis functions
Bernstein basis functions (used for Bézier curves) can be computed as
(K —1)! K=k - 4h-1
=~ (17—t tv T, 19
Vk € {1,..., K}, where t € RT is a vector with entries linearly spaced between 0 to 1, and (~)d is applied elementwise,
see Fig. 10.
Fourier basis functions
Fourier basis functions can be computed in matrix form as
¢ = exp(tk’ 2mi), (20)

where the exp(-)~ function is applied to each element of the matrix, t € R” is a vector with entries linearly spaced
between 0 to 1, k = [-K+1,—-K+2,...,K—2, K—1]", and i is the imaginary unit (i> = —1).
If « is a real and even signal, the above formulation can be simplified to

¢ = cos(tk’ 2rmi), (21)

with k =[0,1,..., K—2,K—1]", see Fig. 10.
Indeed, we first note that exp(ai) is composed of a real part and an imaginary part with exp(ai) = cos(a)+isin(a).

11



We can see that for a given time step t, a real state z; can be constructed with the Fourier series

K-1
Ty = Z wy exp(t k 271)
k=—K+1
K-1
= Z wy, cos(t k 2m)
k=—K+1
K-1
=wy + Z 2wy, cos(t k 2m),
k=1

where we used the properties cos(0) = 1 and cos(—a) = cos(a) of the cosine function. Since we do not need direct
correspondences between the Fourier transform and discrete cosine transform as in the above, we can omit the scaling
factors for wy, and directly write the decomposition as in (21).

m Multidimensional outputs

A multivariate trajectory & € RPT of T' datapoints of dimension D can similarly be computed as

I(rbl,l I¢2,1 e I(ZSK,l
K I¢1,2 I¢2,2 e I¢K,2
T=> Wuwp=¥w with W=¢al=| , . T (22)
Pt : : : :
Ipyr Igpor -+ I¢krT

where ® the Kronecker product operator and I is an identity matrix of size D x D.
In the above, I can alternatively be replaced by a rectangular matrix S acting as a coordination matrix.

Multidimensional inputs

Basis functions can also be
used to encode signals generated b(t) = T(t) BC U(t) = p(t) @ Plts) B(t) = d(t1) @ lts) @ Blts)
by multivariate inputs ¢;. For ex- _ S
ample, a Bézier surface uses two

=

input variables ¢; and ¢ to cover LA e \ /:_P;’l'v?:;"itg]'i"wts | 1l g
a spatial range and generates an . Vs et spines L2, . il ‘
. . . C: constraint matrix
output variable describing the / {for concatenation)
height of the surface within this t Ty t to
rectangular region. This sur-
face (represented as a colormap Figure 11: Concatenated Bernstein basis functions used with inputs of various dimensions to
in Fig. 11—center) can be con- encode signed distance functions (SDFs). Left: Concatenation of 6 cubic Bézier curves with a

1D input (time variable t). Center: Concatenation of 5x5 cubic Bézier curves with a 2D input.
. Right: Concatenation of 5x5x5 cubic Bézier curves with a 3D input. Each cubic Bézier curve
nal by leveraging the Kronecker corresponds to the superposition of 4 Bernstein basis functions, with superposition weights
product operation, namely acting as control points (displayed as black points in the 1D example), with constraints on the
control points ensuring continuity.
V=0 ¢ (23)

structed from a 1D input sig-

in matrix form, or

P(t) = o(t1) ® P(t2) (24)

in analytic form.
When using splines of the form ¢(t) = T'(t)BC, (24) can equivalently be computed as

U(t) = (T(t1) ® T(t2)) (BC ® BC), (25)

which means that (BC ® BC) can be precomputed.

As for the unidimensional version, we still maintain a linear reconstruction = W w, where & and w are vectorized
versions of surface heights and superposition weights, which can be reorganized as 2D arrays if required.

Successive Kronecker products can be used so that any number of input and output dimensions d™ and d°** can
be considered, with

P=0pR¢R  ® ¢ Iou. (26)

din
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For example, a vector field in 3D can be encoded with basis functions
T=0¢® ¢ ¢, (27)

where I3 is a 3x 3 identity matrix to encode the 3 elements of the vector.

Figure 11 shows examples with various input dimensions to encode a signed distance field (SDF). In Fig. 11-center,
several equidistant contours are displayed as closed paths, with the one corresponding to the object contour (distance
zero) represented in blue. In Fig. 11-right, several isosurfaces are displayed as 3D shapes, with the one corresponding
to the object surface (distance zero) represented in blue. A marching algorithm has been used here for visualization
purpose to compute closed contours (in 2D) and isosurfaces (in 3D).

The analytic expression provided by the proposed encoding can be used to express the derivatives as analytic
expressions, which is useful for control and planning problem, such as moving closer or away from objects, or orienting
the robot gripper to be locally aligned with the surface of an object.

Derivatives

By using basis functions as analytic expressions, the derivatives are easy to compute. For example, for 2D inputs as
in (24), we have

ow(t)  0¢(t) o¥(t) 9p(t2)
= t = ot 28
providing the derivatives of W (t) with respect to t expressed as
ow(t)  0W¥(¢t)

VY¥(t) = 29
=2 ® 52, (29)

which can be used to compute the 2D gradient of the SDF at location ¢ with
Vi=V¥(t)w. (30)

98(t) _ 9T() g

When using splines of the form ¢(t) = T'(t) BC, the derivatives in (28) are simply computed as =5, 5

. . . T (¢
For a cubic splines, it corresponds to T'(t) = [1,t,¢2,t%] and % =10,1,2t, 3t2].

Example: finding the closest point on a contour

By modeling a signed distance function as @ = f(t), the derivatives can for example be used to find a point
on the contour (with distance zero). Such problem can be solved with Gauss—Newton optimization with the cost

c(t) = 5 f(t)?, by starting from an initial guess to. In the above example, the Jacobian is then given by
oW (t)
ot
J(t) = | 22t | (31)

Oto

and the update can be computed recursively with

tepr  te —ad(ty) f(tr), (32)

as in Equation (11), where J(¢x)" f(¢x) is a gradient and J ()" J(¢)) a Hessian matrix, and « is a line search param-
eter.

Example: finding two contour points with closest distance

For two shapes encoded as SDFs f1(t1) and f2(t2) using basis functions, finding the shortest segment between the
two shapes boils down to the Gauss—Newton optimization of a pair of points ¢; and ¢ are expressed in their respective

shape coordinate frame and are organized as t = [?} , with the cost
2

clt) = 5 Fu(8)” + 5 Falt2)” + 5 | AT, b~ 1] ()

which is composed of quadratic residual terms, where A and b are the rotation matrix and translation vector offset
between the two objects, respectively. The Jacobian of the residual terms in the above cost is given by

Ji (tl) 0
J(t) = 0 Jo(tz) | (34)
I A
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where Jp(t1) and Ja(t2) are the derivatives of the two SDFs as given by (31).
Similarly to (32), the Gauss—Newton update step is then given by

fi(tie)
thr1 < ti — aJ(tk)T fa(ta,r) . (35)
Aty +b—t1;

A prioritized optimization scheme can also be used to have the two points on the shape boundaries as primary
objective and to move these points closer as secondary objective, with a corresponding Gauss—Newton update step
given by

t
thy1 — tp — qu{r2 {”;Et;:ﬂ + aa Ny J§ (Ata+b—t1 ), (36)
Jo(t 0
where Jyp = [ 181) Jz(tz)] . Ni=I-JLJw J=[-1 4], (37)

with a; and as are two line search parameters.

(i(®:Y Concatenated basis functions

When encoding entire signals, some dictionaries such as Bernstein basis functions require to set polynomials of
high order to encode long or complex signals. Instead of considering a global encoding, it can be useful to split
the problem as a set of local fitting problems which can consider low order polynomials. A typical example is the
encoding of complex curves as a concatenation of simple Bézier curves. When concatenating curves, constraints on
the superposition weights are typically considered. These weights can be represented as control points in the case of
Bézier curves and splines. We typically constrain the last point of a curve and the first point of the next curve to
maintain the continuity of the curve. We also typically constrain the control points before and after this joint to be
symmetric, effectively imposing smoothness.

In practice, this can be achieved efficiently by simply replacing ¢ with ¢C in the above equations, where C' is a
tall rectangular matrix. This further reduces the number of superposition weights required in the encoding, as the
constraints also reduce the number of free variables.

For example, for the concatenation of Bézier curves, we can define C' as

10 -~ 0 O
o1 .--- 0 O
0 0 - 1 0
C= 0 0 - 0 1 ’ (38)
0 o0 - 0 1
0o o0 - -1 2

where the pattern

1
0 is repeated for each junction of two consecutive Bézier curves. For two concatenated cubic

= = O

-1 2
Bézier curves, each composed of 4 Bernstein basis functions, we can see locally that this operator yields a constraint
of the form

w3 1 0
wg| |0 1] |a
We -1 2
which ensures that wy = ws and wg = —ws + 2ws. These constraints guarantee that the last control point and the

first control point of the next segment are the same, and that the control point before and after are symmetric with
respect to this junction point, see Fig. 11-left.

m Batch computation of basis functions coefficients

Based on observed data @, the superposition weights w can be estimated as a simple least squares estimate

w=Vlg, (40)
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Figure 12: Tterative estimation of a 2D SDF, where the weights are initialized to form a circular object. Points are then sampled one-by-
one (in red) to probe the value of the function as the sampled location. Each point used to refine the estimate and is then discarded.

or as the regularized version (ridge regression)

w= (W 4+ ) 'O, (41)

Recursive computation of basis functions coefficients

Algorithm 1: Recursive computation of weights

o 1

w = Wy

for n <+ 1 to N do
v, =W(t,)

- - —1
K =BV (I + \IrnB\I:;)
B+ B-KV,B
w<—w—|—K(:cn—\Ilnw>

end

The same result can be obtained by recursive computation, by providing the datapoints one-by-one or by groups of
points. The algorithm starts from an initial estimate of w that is iteratively refined with the arrival of new datapoints,
see Fig. 12.

This recursive least squares algorithm exploits the Sherman-Morrison-Woodbury formulas that relate the
inverse of a matrix after a small-rank perturbation to the inverse of the original matrix, namely

E

(B+UV) ' =B '-B'U(I+VB'U) 'VB™! (42)

with U e R"*™ and V € R™*™. When m < n, the correction term E can be computed more efficiently than inverting
B+UV.
By defining B =¥ "W, the above relation can be exploited to update the least squares solution (41) when new

datapoints become available. Indeed, if ®,.,, = [¥,V] and x,.,, = [ﬂ , we can see that

B, =99, (43)
=0r'v4+V'V (44)
=B+V'V, (45)
whose inverse can be computed using (42), yielding
B.!=B'-B 'V (I+VB'V')'VB. (46)
K
This is exploited to estimate the update as
Wy = W + K(v — Vw), (47)
with Kalman gain
K=B 'V (I+VB V7). (48)
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The above equations can be used recursively,

with B~! and w

new

the updates that will become B~ and w for

new

the next iteration. Note that the above iterative computation only uses B~!, which is the variable stored in memory.
Namely, we never use B, only the inverse. For recursive ridge regression, the algorithm starts with B~! = %I . After
all datapoints are used, the estimate of w is exactly the same as the ridge regression result (41) computed in batch

form. Algorithm 1 summarizes the computation steps.

m Computation of basis functions coefficients using eikonal cost

We can also estimate an SDF by privileging a unit
norm on the derivatives. From a dataset of M distances
., observed at locations t,,, the basis functions coeffi-
cients w of an SDF can be computed by evaluating

M N

min \IltmwfmeJr)\ V:L'TVZ'nflz
wmzzlll( ) f ;H " I
(49)
where A is a weighting factor balancing the distance
matching objective and the eikonal objective (regulariza-
tion). The gradient of x,, with respect to t is expressed
as Vz,, = V¥(t,) w, computed using (29) for a set of
N locations t,, that can typically be defined to cover

homogeneously the area/volume encoded in the SDF.
The first component of the objective in (49) is to
find a SDF that can fit the data. If only this first part
would be required, the minimization boils down to the
least squares solution of Section 6.6. The second term
adds the objective of keeping the norm of the derivatives
close to one, which is related to the eikonal equation

IVz|| = 1, see [4] for the use of the eikonal equation in

N
\\\\ A
AN\

Figure 13: Estimation of an SDF from only contour points (in
red), without (left) and with (right) an eikonal cost to privilege a
unit norm on the derivatives. The M =93 points in red are used for
the distance matching objective and the N =196 points in green are
used for the eikonal objective. The estimated SDFs are rendered
as level sets, with the O-level set (i.e., the contour) in thick blue
line. The colormap in the background is proportional to the norm
of the gradient, where a homogeneous gray value would mean that
the eikonal cost can be satisfied everywhere. Regions with darker
or lighter color then correspond to higher eikonal cost.

the context of SDF modeling. Intuitively, as the basis functions encodes a SDF, it means that we expect that if we
move away from a shape by a small distance Ad in the direction given by the gradient, the expected distance at this
new point should also increase by Ad, which corresponds to a slope of 1 (namely, a unit norm for the gradient), as

expressed in the second part of the objective function.

By following the notation in Section 3.1, the above objective can be written as a sum of squared functions that
can be solved by Gauss—Newton optimization, with residuals and Jacobians given by

T1m = () W — Ty,

ron =V, V, — 1,

Jl,m = ‘I’(tm)7
Jon =2V, VU(t,),

vme{1,...,M},
Vne{l,...,N},

which provide at each iteration step k the Gauss—Newton update rule

Wr41 < 'wk—a<

m=1 n=1

M N -1 u N
> JimJ17m+AZJ2TnJ27n> (Z T Trm +AY I3, T2,n>a
m=1 n=1

as detailed in Section 3.1, where the learning rate o can be determined by line search.
Note that the above computation can be rewritten with concatenated vectors and matrices for more efficient
computation exploiting linear algebra. By concatenating vertically the Jacobian matrices and residuals, we have the

equivalent Gauss—Newton update rule

1
Wil & Wi — 05(.];.]1 + )\JJJQ) (Jl-r r1+ )\J2T ’I°2>.

Figure 13 presents an example in 2D.

Linear quadratic tracking (LQT)
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—Left hand motion (Agent 1)
Right hand motion (Agent 2)

===+ Ball motion (Agent 3)

® Left hand initial point
Right hand initial point

® Ball releasing point

® Ball hitting point

® Ball target
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-

Figure 14: Tennis serve problem solved by linear quadratic tracking (LQT).

Linear quadratic tracking (LQT) is a simple form of optimal control that trades off tracking and control costs
expressed as quadratic terms over a time horizon, with the evolution of the state described in a linear form. The LQT
problem is formulated as the minimization of the cost

T-1

c= (NT—wT)TQT(NT—CBT) + Z ((Nt—wt)TQt (Nt_wt) + ui By Ut)
t=1
=(p—2z) Q(p—z) + u'Ru, (50)
with = [wf, T, ..., a:}] " the evolution of the state variables, u = [ulT, Ug,. .. 7“}71] " the evolution of the control
commands, and = [uf, 72 /,LH " the evolution of the tracking targets. @ =blockdiag(Q1,Q2,. .., Q) represents
the evolution of the precision matrices Q;, and R=blockdiag(R;, R, ..., Rr_1) represents the evolution of the control

weight matrices R;.
The evolution of the system is linear, described by

Ti1 = Ay + Biug, (51)

yielding at trajectory level
x=Szx1 + S,u, (52)

see Appendix A for details.
With open loop control commands organized as a vector u, the solution of (50) subject to € = Spx1 + Syu is
analytic, given by
@ =(S.QS.+R)'S.Q(n— Spz1). (53)

The residuals of this least squares solution provides information about the uncertainty of this estimate, in the form
of a full covariance matrix (at control trajectory level)

v = (SIQS.+R) ", (54)

which provides a probabilistic interpretation of LQT, see Section 2.

The batch computation approach facilitates the creation of bridges between learning and control. For example, in
learning from demonstration, the observed (co)variations in a task can be formulated as an LQT objective function,
which then provides a trajectory distribution in control space that can be converted to a trajectory distribution in
state space. All the operations are analytic and only exploit basic linear algebra.

The approach can also be extended to model predictive control (MPC), iterative LQR (iLQR) and differential
dynamic programming (DDP), whose solution needs this time to be interpreted locally at each iteration step of the
algorithm, as we will see later in the technical report.

Example: Bimanual tennis serve

LQT can be used to solve a ballistic task mimicking a bimanual tennis serve problem. In this problem, a ball is
thrown by one hand and then hit by the other, with the goal of bringing the ball to a desired target, see Fig. 14. The
problem is formulated as in (50), namely

min (u — ) Q(u — ) + u'Ru, st. x = Syx; + Syu, (55)

where @ represents the state trajectory of the 3 agents (left hand, right hand and ball), where only the hands can be
controlled by a series of acceleration commands u that can be estimated by LQT.
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In the above problem, @ is a precision matrix and p is a reference vector describing at specific time steps the
targets that the three agents must reach. The linear systems are described according to the different phases of the
task, see Appendix C for details. As shown above, the constrained objective in (55) can be solved by least squares,
providing an analytical solution given by (53), see also Fig. 14 for the visualization of the result for a given target and
for given initial poses of the hands.

LQT with initial state optimization

LQT can easily be extended to determine the optimal initial state &1 together with the optimal control commands w,
by defining @ = [x],u"]" as a vector concatenating &; and w which is used as the variable to optimize. The linear
system evolution & = Spx; + Sy, u, as defined in (52), then takes the form & = S@ with S =[S, S,]. Similarly, the
optimization problem becomes

2 Z - . a=\T Qs T~
U = [ﬁ] —argmfin(u Su) Q(p, Su)—l—u Ru
—(STQS+R)'S"Qu, (56)
by using R= [8 R to remove any constraint on the initial state. Thus, the above optimization problem estimates

both the initial state and the sequence of control commands.

LQT with smoothness cost

Linear quadratic tracking (LQT) can be used with dynam-
ical systems described as simple integrators. With single inte-
grators, the states correspond to positions, with velocity control
commands. With double integrators, the states correspond to
positions and velocities, with acceleration control commands.
With triple integrators, the states correspond to positions, ve-
locities and accelerations, with jerk control commands, etc.

Figure 15 shows an example of LQT for a task that consist
of passing through a set of viapoints. The left and right graphs
show the result for single and double integrators, respectively.
The graph in the center also considers a single integrator, by

I‘edeﬁning the Welght matrix R Of the COntrOl cost to ensure Figure 15: Examples of linear quadratic tracking (LQT)
smoothness. This can be done by replacing the standard diag- applied to the task of reaching a set of viapoints (red dots)
onal R matrix in (50) with by starting from an initial position (black dot). Top-left:
With velocity commands, with a system described as a
- - single integrator and a standard control cost. Top-right:
2 -1 0 0 0 0 With velocity commands, with a system described as a
-1 2 -1 0 0 0 single integrator and a control cost ensuring smoothness.
o -1 2 =1 ... 0 0 Bottom: With acceleration commands, with a system de-
R = . . . . ) . . ®Ip. scribed as a double integrator and a standard control cost.

0 0 0 0 2 -1

0 0 0 0 1 2]
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LQT with control primitives

If we assume that the control commands profile w is composed of control primitives (CP) with v = Pw, the
objective becomes
min (z —p) Q(x —p) + w ¥ RPw, st. =8,z + S, Pw,
w

with a solution given by
b= (U S]QS, ¥+ U RY) U SIQ(u— Spx:)

which is used to compute the trajectory @4 = W in control space, corresponding to the list of control commands
organized in vector form. Similarly to (54), the residuals of the least squares solution provides a probabilistic approach
to LQT with control primitives. Note also that the trajectory in control space can be converted to a trajectory in state
space with & = Szx; + Syu@. Thus, since all operations are linear, a covariance matrix on w can be converted to a
covariance on uw and on x. A similar linear transformation is used in the context of probabilistic movement primitives
(ProMP) [15] to map a covariance matrix on w to a covariance on &. LQT with control primitives provides a more
general approach by considering both control and state spaces. It also has the advantage of reframing the method to
the more general context of optimal control, thus providing various extension opportunities.

Several forms of basis functions can be considered, including stepwise control commands, radial basis functions
(RBFs), Bernstein polynomials, Fourier series, or learned basis functions, which are organized as a dictionary matrix
W. Dictionaries for multivariate control commands can be generated with a Kronecker product operator ® as

U =0¢cC, (57)

where the matrix ¢ is a horizontal concatenation of univariate basis functions, and C' is a coordination matrix, which
can be set to an identity matrix I'p for the generic case of control variables with independent basis functions for each
dimension d € {1,..., D}.

Note also that in some situations, R can be set to zero because the regularization role of R in the original problem
formulation can sometimes be redundant with the use of sparse basis functions.

LQR with a recursive formulation

Algorithm 2: Recursive formulation of LQR

Define quadratic cost function with Q;, R;
Define dynamics with A;, By, and initial state a1

Set VT = QT

fort«< T —1to1ldo

| Compute V; with (66) and (64)
end

fort«<1toT —1do
Compute K; and @, with (65)
Compute @41 with (51)

end

The LQR problem is formulated as the minimization of the cost

T-1 T—1
C(mh ’U,) == CT(-'BT) + Z Ct(mt7 ut) - -’D}QT«'ET =+ Z (szt.’Bt =+ ’U/ZRt ut), s.t. Tyl = Atmt —+ Btut, (58)
t=1 t=1

where ¢ without index refers to the total cost (cumulative cost). We also define the partial cumulative cost

T-1
vp(xe, upr—1) = er(zr) + Z cs(xe, ), (59)

s=t

which depends on the states and control commands, except for vr that only depends on the state.
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We define the value function as the value taken by v; when applying optimal control commands, namely

Op(xe) = min vy(xe, wpr—1). (60)
Ut:T—1
We will use the dynamic programming principle to reduce the minimization in (60) over the entire sequence of
control commands w71 to a sequence of minimization problems over control commands at a single time step, by
proceeding backwards in time.
By inserting (59) in (60), we observe that

~

O¢(x¢) = min (CT(:BT)—i- 105(%,%&))

Ut:T—1 p
s

T-1
= min ¢ (s, uy)+ min (cT(a:T)+ Z cs(mt,ut))
Ut

u 1:T—1
o s=t+1

= T?Lin ce(@e, we) + Oppr (Teg1), (61)

qt(xt,ut)

where ¢; is called the g-function.
By starting from the last time step T', and by relabeling Q1 as Vi, we can see that 07 (xr) = cr(@r) is independent
of the control commands, taking the quadratic error form

or = xpVrxr, (62)

which only involves the final state 7. We will show that op_; has the same quadratic form as vp, enabling the
backward recursive computation of v; fromt =T —1tot = 1.
With (61), the dynamic programming recursion takes the form

| [Q 0]][z
O = min{ t] {Ot RJ { t] + 2 Vip1 @it (63)

ur | Ut Uy
By substituting ¢y = Aix; + Biuy into (63), 0; can be rewritten as

2] [Q o: . Qzzi = A Vig 1A + Qy,
@t = min |:ut:| |:wa7t Quw,t:| |:ut:| ) Where Quu,t = Bt—r‘/t+1Bt + Rt; (64)
U t ux,t uuw,t t
Qum,t - B;‘/t+1At~

An optimal control command @; can be computed by differentiating (64) with respect to u; and equating to zero,
providing a feedback law
Uy = —Kixy, with K;= Q;}L,t Qua,t- (65)

By introducing (65) back into (64), the resulting value function ¥; has the quadratic form

by = Vixy, with V; = Qe — Quat Quaut Quat- (66)

We observe that (66) has the same quadratic form as (62), so that (61) can be solved recursively. We thus obtain
a backward recursion procedure in which V; is evaluated recursively from ¢t =T — 1 to t = 1, starting from Vp = Qr,
which corresponds to a Riccati equation.

After all feedback gain matrices K; have been computed by backward recursion, a forward recursion can be used
to compute the evolution of the state, starting from x;, by using the linear system x;y; = Asx; + Byu; and the
control policy u; = —K;x¢, see Algorithm 2 for the summary of the overall procedure.

LQT with a recursive formulation and an augmented state space

In order to extend the above development to linear quadratic tracking (LQT), the problem of tracking a reference
signal {p;}7_, can be recast as a regulation problem by considering a dynamical system with an augmented state

Li41| A O Tt B
——— —— =
Ty A Ty B
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and an augmented tracking weight
_ -1
0, = Q  +mpn{ w] _[ I 0][Q O[T —pu
' ne 1 - ’
which is used to define the cost

T-1

c= (HT - mT)TQT(NT - CCT) + ((Nt - wt)TQt (Nt - wt) + uy By Ut)
t=1

T—1
=37 Qrér + Y (8 Qi + u] Ruwy), (68)
t=1
where the augmented form in (68) has the same form as the standard LQR cost in (58), allowing the tracking problem
to be solved in the same way by using this augmented state representation. Additional verification details can be
found in Appendix D.
For a tracking problem, we can see that the resulting optimal control policy takes the form

'&'t = —.f{t ZEt = Kt ([,Lt — Il?t) + ’U;f7 (69)

characterized by a feedback gain matrix K; extracted from K, = [Kt, kt], and a feedforward term ugf =—k; — K
depending on 4.

Least squares formulation of recursive LQR

We have seen in Section 7.4 that a standard LQR problem is formulated as
min €' Qx +u'Ru, st. == Szz+ S,u,

whose solution is .
= —(S;Q.S’u + R)_ S, QSzx, (70)

corresponding to open loop control commands.
We can see in (70) that the open loop control commands @ (in a vector form) is linear with respect to @;. Thus,
by introducing a matrix F' to describe u = —Fx1, we can alternatively define the optimization problem as

mFi‘n ' Qr+ (—Fxz,) R(—Fx1), st. x=(Sgz— SuF)z1,

whose least squares solution is
F=(S,QS8,+R)'S.QS.,. (71)

By decomposing F' as block matrices F; with ¢ € {1,...,T—1}, F can be used to iteratively reconstruct regulation
gains K, by starting from K; = F;, P; = I, and by computing recursively

P.=P (A, -B,_,K, )", K,=F P, (72)

which can then be used in a feedback controller as in (65).

It is straightforward to extend this least squares formulation of recursive LQR to linear quadratic tracking and use
(69) as feedback controller on an augmented state space, since the recursive LQT problem can be transformed to a
recursive LQR problem with an augmented state space representation (see Section 7.5).

This least squares formulation of LQT (LQT-LS) yields the same controller as with the standard recursive com-
putation presented in Section 7.5. However, the linear form in (71) used by LQT-LS has several advantages. First,
it allows the use of full precision matrices @, which will be demonstrated in the example below. It also allows to
extend LQT-LS to the use of control primitives, which will be further discussed in Section 7.7. Moreover, it provides
a nullspace structure that can be exploited in recursive LQR/LQT problems.

Example with the control of multiple agents

Figure 16 presents an example with the control of multiple agents, with a precision matrix involving nonzero
offdiagonal elements. The corresponding example code presents two options: it either requests the two agents to meet
in the middle of the motion (e.g., for a handover task), or it requests the two agents to find a location to reach at
different time steps (e.g., to drop and pick-up an object), involving nonzero offdiagonal elements at different time
steps.
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Figure 16: Least squares formulation of recursive
LQR to control multiple agents (as point mass sys-
tems), where the task of each agent is to reach a
desired target at the end of the motion, and to meet
the other agent in the middle of the motion (e.g., for
a handover task, see main text for the alternative op-
tion of nonzero offdiagonal elements at different time
steps). We then test the adaptation capability of the
agents by simulating a perturbation at 1/4 of the
movement. The original and adapted movements are
depicted in dashed and solid lines, respectively. The
initial positions are represented with black points,
the targets are in red, the optimized meeting points
are in blue, and the perturbation is in green.

QOO

Figure 17: Linear quadratic tracking (LQT) with control primitives applied to a trajectory tracking task, with a formulation similar to
dynamical movement primitives (DMP). Left: The observed “S” shape (in blue) is reproduced by starting from a different initial position
(black point), with a perturbation simulated at 1/4 of the movement (green points) to show the capability of the approach to recover
from perturbations. The trajectory in dashed line shows the result without perturbation and trajectory in solid line shows the result with
perturbation. Right: The corresponding LQT problem formulation consists of requesting an end-point to be reached (red points) and an
acceleration profile to be tracked (red lines), where the control commands u are represented as a superposition of radial basis functions

bk

Dynamical movement primitives (DMP) reformulated as LQT with control primitives

The dynamical movement primitives (DMP) [5] approach proposes to reproduce an observed movement by crafting
a controller composed of two parts: a closed-loop spring-damper system reaching the final point of the observed
movement, and an open-loop system reproducing the acceleration profile of the observed movement. These two
controllers are weighted so that the spring-damper system part is progressively increased until it becomes the only
active controller. In DMP, the acceleration profile (also called forcing terms) is encoded with radial basis functions
[1], and the spring-damper system parameters are defined heuristically, usually as a critically damped system.

Linear quadratic tracking (LQT) with control primitives can be used in a similar fashion as in DMP, by requesting
a target to be reached at the end of the movement and by requesting the observed acceleration profile to be tracked,
while encoding the control commands as radial basis functions. The controller can be estimated either as the open-loop
control commands (53), or as the closed-loop controller (69).

In the latter case, the matrix F in (71) is estimated by using control primitives and an augmented state space
formulation, namely

W = ('S]QS, ¥+ ¥ RY) ¥ S.QS,, F=UW,

which is used to compute feedback gains K, on the augmented state with (72).

The resulting controller 4; = —K,&, tracks the acceleration profile while smoothly reaching the desired goal at
the end of the movement, with a smooth transition between the two. The main difference with DMP is that the
smooth transition between the two behaviors is directly optimized by the system, and the parameters of the feedback
controller are automatically optimized (in DMP, stiffness and damping ratio).
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Figure 17 presents an example of reproducing an “S” trajectory with simulation perturbations.

In addition, the LQT formulation allows the resulting controller to be formalized in the form of a cost function,
which allows the approach to be combined more fluently with other optimal control strategies. Notably, the approach
can be extended to multiple viapoints without any modification. It allows multiple demonstrations of a movement
to be used to estimate a feedback controller that will exploit the (co)variations in the demonstrations to provide a
minimal intervention control strategy that will selectively reject perturbations based on the impact they can have on
the task to achieve. This is effectively attained by automatically regulating the gains in accordance to the variations
in the demonstrations, with low gains in parts of the movement allowing variations, and higher gains for parts of the
movement that are invariant in the demonstrations. It is also important to highlight that the solution of the LQT
problem formulated as in the above is analytical, corresponding to a simple least squares problem.

Moreover, the above problem formulation can be extended to iterative LQR, providing an opportunity to consider
obstacle avoidance and constraints within the DMP formulation, as well as to describe costs in task space with a DMP
acting in joint angle space.
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B iLQR optimization

Optimal control problems are defined by a cost function Zthl c(xy, uy) to minimize and a dynamical system x;1 =
d(x¢, u;) describing the evolution of a state x; driven by control commands u; during a time window of length T'.
Iterative LQR (iLQR) [8] solves such constrained nonlinear models by carrying out Taylor expansions on the cost
and on the dynamical system so that a solution can be found iteratively by solving a LQR problem at each iteration,
similarly to differential dynamic programming approaches [11, 17].
iLQR employs a first order Taylor expansion of the dynamical system @;11 = d(x, u;) around the point (&, @;),
namely

od od
&Bt 8ut
<~ Awt_H ~ AtACEt + BtA'U,t, (73)

~

Tit1 ~ d(:ﬁt,ﬁt) —+ (.’I}t — mt) —+ (ut — ’U,t)

with residual vectors
Awt:IBt—ifit, Aut:ut—'&t,

and Jacobian matrices 9d d
A= — , By=— .

¢ Oxy |y e K Ouy &, a.

The cost function c(x:,u;) for time step ¢ can similarly be approximated by a second order Taylor expansion

around the point (&, 4;), namely

Jdc dc 1 0%c 9%c 1 0%c
c(xy, uy) = (B, Uy) + A — + Au) — + Az —S Az + Az ——— Auy + ~Au] — Auy,
(e, we) S L Pouy - 27 0x? ¢ t Oxpuy L 27t ou? t
L I I A 1 (74)
<~ c(:ct, Ut) ~ C(ﬂ?t, ’ﬁ,t) + 5 Awt ga t H:l::v,t Hl—lt:l:,t Aﬁﬂt y
Aut Gu,t Hum,t Huu,t Aut
with gradients
_ Oc _ Oc
gm,t - awt it,'ilt7 Gu,t = aUt it,'ilt7
and Hessian matrices
0%c 0?c 0%c
H:l::l‘:7t:72AA7 Huu,tzigAAa ux,t = 5 o4 |. . -
ﬁmt Ty, Uy Gut Ty, Uy 8ut8a:t Ty, Uy
Batch formulation of iLQR
A solution in batch form can be computed by minimizing over u = [uf, Uy, ..., u%q] T, yielding a series of open
loop control commands u;, corresponding to a Gauss—Newton iteration scheme, see Section 3.1.
At a trajectory level, we denote &= [acf, Loy, az}] " the evolution of the state and u= [ulT, Ug, ... ,u}_l] " the

evolution of the control commands. The evolution of the state in (73) becomes Ax = S, Au, see Appendix A for
details.
The minimization problem can then be rewritten in batch form as
P17 70 92 gn ]
rgin Ac(Ax,Au), st. Az =8S,Au, where Ac(Ax,Au)= 3 Az g9 Hzyr, H, Ax| . (75)
u

uxT

Au gu Hyx Hyul| |Au
By inserting the constraint into the cost, we obtain the optimization problem
12151 Au'S; gz + Au'g, + %AuTS;HmSuAu +Au'S, H,  ,Au+ %AUTHUUAU, (76)
which can be solved analytically by differentiating with respect to Aw and equating to zero, namely,
Spgx + gu + S Hye Sulu + 2SS, H Au+ HypAu =0, (77)
providing the least squares solution
Al = (S, HyoSu + 25, Hyy + Huw) ™' (=509 — gu) , (78)

which can be used to update the control commands estimate at each iteration step of the iLQR algorithm.
The complete iLQR procedure is described in Algorithm 4 (including backtracking line search). Figure 18 also
presents an illustrative summary of the iLQR optimization procedure in batch form.

INote that Sz Az =0 because Azq =0 (as we want our motion to start from ;).
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Oc L 0c 1 %
(@, wy) = &y, W) + A — - +Au 8 + Amlwﬂmt +...

t gt Hoy
Taylor expansion around (&, @) Augmented vector form
R

r 17770 g;,t gut 1 1 1] fo 9:  9u 1
Axy ot Hupzr Hyp,| |Axy rRin 3 Az g: Hyw H, | | Az
Auy Gut Huzr Huyur| |Dug . Au gu Hyz Hyy| |Au

nnn Zc(mf w;) i (@, 0) +
s.t. AJ:H,l = AtA:Bt = BtA’U,t st. Ax = SUA'LL

= Au
t=1 =
. PN ast-squares soluti
Taylor expansion around (&, ;) > Eteii11(111;:113;10315;[1;]))“
Ay, By

od At = (S, HypSy + 28 H, + Hyw) " (—S1g0 — gu)

(@) — &) + 5—(wy — )

ouy

st xq = d(T, w)

Ty = d(By, Uy) +5—

ox;

Figure 18: Summary of the iLQR optimization procedure in batch form.

Recursive formulation of iLQR

A solution can alternatively be computed in a recursive form to provide a controller with feedback gains. Section 7.4
presented the dynamic programming principle in the context of linear quadratic regulation problems, which allowed us
to reduce the minimization over an entire sequence of control commands to a sequence of minimization problems over
control commands at a single time step, by proceeding backwards in time. In this section, the approach is extended
to iLQR.

Similarly to (61), we have here

’lA]t(A$t) = glqltn Ct (Awt, Aut) —+ ﬁt+1(AiEt+1), (79)

qr(Axy, Auy)

Similarly to LQR, by starting from the last time step T, o7 (Axr) is independent of the control commands. By
relabeling g, v and Hye 1 as vg 7 and Ve 1, we can show that or_; has the same quadratic form as 97, enabling
the backward recursive computation of o; fromt =7 — 1 to t = 1.

This dynamic programming recursion takes the form

" 1 77T o Vg i1 1
Uy = * , 80
s [Amt+1:| Vat+1  Vez i+l Az (80)
and we then have with (79) that
11 0 9zt Gut 1 1 T 0 T 1
’(A)t = I&lln A-’.Ut gx.t Ha::c,t H,Jm t A:I:t + |:A.’1} :| |:v Vm7t+l :| |:Agg :| . (81)
Ut A’U,t Gut Hu.’n,t Huu,t_ Aut t+1 x,t+1 xx,t+1 t+1

By substituting Axy11 = A;Axy + BiAu, into (81), 9 can be rewritten as

.
9zt = Gzt + Al V141,

T
LTT0 gz, agu ][t Qu,t = Gut + By Vo i,
~ _ . T ~ T
Vy = Iilln Awt qwﬂg Qa:w,t Qu:c,t A:ct s where Qa::c,t ~ ng%t + At wa,t_t,_l At, (82)
wy
—~ T
Ay Qu.t Qum,t Quu,t Auy Quu,t ~ Huu,t + Bt Vwm,t+1 B,
_ T
Quw,t ~ Huw,t + Bt sz,tJrl At;
with gradients
dc Jdc ov dq dq
xt = 7 Gu,t = Vgt = et = 7 qu,t = 7
8mt Ty, ut, 8ut wt,ut7 8$t it,ﬁt7 (’9a:t wt,u,«7 aut &y, u,«
Jacobian matrices
od od
Ay = — , Bi=_-— ,
oxy &, a4, oug l&, 0,
and Hessian matrices
0%c 0?%c 0%c 0%
Hma:,t: 20 Huu,t: 5. Hum,t: ) xTx,t — 5.
Bmt Ty, Uy But Ty, Ut Butaxt Ty, Ut 6-’.Ut Ty, Ut
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0? 0?
Qmw,t = 7(] 3 Quu,t = 7(]

0x? |z, 0, ou?

Minimizing (82) w.r.t. Au; can be achieved by differentiating the equation and equating to zero, yielding the

82
) Qum,t = 4

P Ou 0zt | &, 0,

controller )
k = _Q_ q )
Aty = k; + K; Ay, with ' st At (83)
Kt = _Quu7t Quw,h
where k; is a feedforward command and K; is a feedback gain matrix.
By inserting (83) into (82), we get the recursive updates
T —1
vw,t = Qac,t - Qum,t Quu,t qu,t7 (84)

-1
Vmw,t = Qa:ac,t - ::,a:,t Quu,t Quw,t~

In this recursive iLQR formulation, at each iteration step of the optimization algorithm, the nominal trajectories
(&, 0y) are refined, together with feedback matrices K;. Thus, at each iteration step of the optimization algorithm,
a backward and forward recursion is performed to evaluate these vectors and matrices. There is thus two types of
iterations: one for the optimization algorithm, and one for the dynamic programming recursion performed at each
given iteration.

After convergence, by using (83) and the nominal trajectories in the state and control spaces (&, @i;), the resulting
controller at each time step ¢ is

Uy = ﬁt + Kt (Zﬁt - :ct), (85)

where the evolution of the state is described by xi11 = d(x, uy).
The complete iLQR procedure is described in Algorithm 5 (including backtracking line search).

Least squares formulation of recursive iLQR

First, note that (83) can be rewritten as

. -~ |Ax . - _
Aty = Ky [ 1 t} , with Ky = _Qu'lll,,t [Qum,ta q'u.,t] (86)

Also, (76) can be rewritten as

. L[Au]" [C €] [Au c= 8,9z + Gu,
min - T ,  Where + S
Aw 2|1 c 0][1 C=S,HyzS,+2S,H,, + Hyy.

%AuT CAu+AuTc

Similarly to Section 7.6, we set

and redefine the optimization problem as
1
ml;n iA:EITFTCFAil —AZ{Fec. (88)
By differentiating w.r.t. F' and equating to zero, we get
FA%, =C 'c (89)

Similarly to Section 7.6, we decompose F' as block matrices F; with ¢ € {1,...,7 — 1}. F can then be used
to iteratively reconstruct regulation gains K, by starting from K; = F;, P; = I, and by computing with forward
recursion

P.=P (A, -B, K, )", K,=F P, (90)
fromt=2tot=T — 1.
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Algorithm 3: Backtracking line search method with parameter oy

a+1

while ¢(@ + o Ad) > ¢(@) and a > api, do
| a3

end

Algorithm 4: Batch formulation of iLQR

Define cost ¢(+), dynamics d(+), €1, Qmin, Amin
Initialize @

repeat

Compute & using @, d(-), and x;
Compute Ay, By in (73)

Compute S,, with (145)

Compute g. and H. in (75), using (74)
Compute Ad with (78)

Compute a with Algorithm 3

Update @ with (91)

until [|AG| < Amin;

Algorithm 5: Recursive formulation of iLQR

Define cost ¢(+), dynamics d(+), 1, Qmin, Amin
Initialize all

repeat

Compute & using 4, d(-), and a1

Compute all Ay, By in (73)
Compute all g.; and H.; in (74)

Set Ve, T = G2, T and Vwa:,T = Hmw,T
fort< T —1toldo

Compute q. ; and Q. ; with (82)
Compute k; and K; with (83)
Compute vz ¢ and Vg with (84)
end

o2
while c(@ + a Ad) > ¢(@) and o > o, do
a5
fort<1toT —1do
Update @; with (92)
Compute &;41 with d(-)
end
end
until |Ad| < Anin;
Use (85) and d(-) for reproduction
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Updates by considering step sizes

To be more efficient, iLQR most often requires at each iteration to estimate a step size « to scale the control
command updates. For the batch formulation in Section 8.1, this can be achieved by setting the update (78) as

@ 0+ a Ad, (91)

where the resulting procedure consists of estimating a descent direction with (78) along which the objective function
will be reduced, and then estimating with (91) a step size that determines how far one can move along this direction.
For the recursive formulation in Section 8.2, this can be achieved by setting the update (83) as

'&t <—11t+04 kt+Kt A.’.Ct. (92)

In practice, a simple backtracking line search procedure can be considered with Algorithm 3, by considering a small
value for aup;,. For more elaborated methods, see Ch. 3 of [13].

The complete iLQR procedures are described in Algorithms 4 and 5 for the batch and recursive formulations,
respectively.

iLQR with quadratic cost on f(x)

We consider a cost defined by
c(xe,ur) = f(xe) Quf(xe) + u/ Ryuy, (93)

where Q; and R; are weight matrices trading off task and control costs. Such cost is quadratic on f(x¢) but non-
quadratic on x;.
For the batch formulation of iLQR, the cost in (74) then becomes

Ac(Axy, Auy) ~ 20z J(x¢) " Q1 f (xy) + 2Au, Ryuy + Az J(xy)" Qi () Axy + Au) Ry Ay, (94)

which used gradients
et = QJ(wt)TQtf(wt)a Gu,t = 2Ruy, (95)

and Hessian matrices
Hypy ~2J(x:) Qi (), Hyz: =0, Hyyu:=2R,. (96)

with J(x) = %jt) a Jacobian matrix. The same results can be used in the recursive formulation in (82).

At a trajectory level, the evolution of the tracking and control weights is represented by @ =blockdiag(Q1, Qo, . .., Qr)
and R=blockdiag(R;, Ra, ..., Rr_1), respectively.

With a slight abuse of notation, we define f(x) as a vector concatenating the vectors f(x:), and J(x) as a
block-diagonal concatenation of the Jacobian matrices J(x;). The minimization problem (76) then becomes

IRiIl 202" J ()" Qf(x) + 2Au"Ru + Ax"J(z)"QJ (x)Ax + Au" RAu, st. Az = S,Au, (97)

whose least squares solution is given by

Ad= (s;J(a;)TQJ@)sz)*l ( — SIJ () Qf(z) — Ru), (98)

which can be used to update the control commands estimates at each iteration step of the iLQR algorithm.
In the next sections, we show examples of functions f(x) that can rely on this formulation.

Robot manipulator

We define a manipulation task involving a set of transformations as in Fig. 19. By relying on these transformation
operators, we will next describe all variables in the robot frame of reference (defined by 0, e; and es in the figure).

For a manipulator controlled by joint angle velocity commands w = &, the evolution of the system is described by
Ti11 = T + uAt, with the Taylor expansion (73) simplifying to A; = aa—wgt =1 and B, = C%’t = IAt. Similarly, a
double integrator can alternatively be considered, with acceleration commands w = & and states composed of both

positions and velocities.
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Figure 19: Typical transformations involved in a manipulation task involving a robot, a vision system, a visual marker on the object,
and a desired grasping location on the object.

For a robot manipulator, f(x;) in (98) typically represents the error between a reference u; and the endeffector
position computed by the forward kinematics function fe(x;). We then have

f(xe) = fo () — e,

For the orientation part of the data (if considered), the Euclidean distance vector fe°(a;) — p. is replaced by a
geodesic distance measure computed with the logarithmic map log,,, ( fee(:ct)), see [3] for details.

The approach can similarly be extended to target objects/landmarks with positions p; and orientation matrices
U;, whose columns are basis vectors forming a coordinate system, see Fig. 21. We can then define an error between
the robot endeffector and an object/landmark expressed in the object/landmark coordinate system as

f(z) =U/ (.fee(wt) - Nt),

99
J(a:t) :UtTJee(iEt). ( )
Bounded joint space
The iLQR solution in (98) can be used to keep the state within a fe(d) fr(d)
boundary (e.g., joint angle limits). We denote f(x) = f**(x) as the .
vertical concatenation of f**(x;) and J(x) = J*(x) as a diagonal oo
concatenation of diagonal Jacobian matrices J°*(x;). Each element ¢ 0_d d 00 d
of fou*(x;) and J*(a;) is defined as 1
ey —xpm,if my <Pt
f;llt(xt’” =4 Tt — 2, if Tt > TP Figure 20: ReLU-like functions used in optimiza-
0, otherwise tion costs. The derivatives of these functions are
simple, providing Jacobians whose entries are ei-
1, if ¢y <P ther 0 or +1.
qut (!L‘t z) =<1, if Ty > X7,
0, otherwise

where ff*(x;) describes continuous ReLU-like functions for each dimension. f*(x;) is 0 inside the bounded domain
and takes the signed distance value outside the boundary, see Fig. 20-left.

We can see with (95) that for Q = %I, if x is outside the domain during some time steps ¢, g, = g—; =2J7Qf
generates a vector bringing it back to the boundary of the domain.
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Figure 21: Example of a viapoints task in which
a planar robot with 3 joints needs to sequentially
. reach 2 objects, with object boundaries defining the
allowed reaching points on the objects surfaces. Left:
Reaching task with two viapoints at t = 25 and t =
50. Right: Corresponding values of the cost function
for the endeffector space at t = 25 and ¢t = 50.

Bounded task space

The iLQR solution in (98) can be used to keep the endeffector within a boundary (e.g., endeffector position limits).
Based on the above definitions, f(x) and J(x) are in this case defined as

Fl@o) = £ (e(@)

J(z) = Jo (e(mt)> T (),
with e(x;) = f(x¢).

Reaching task with robot manipulator and prismatic object boundaries

The definition of f(x;) and J(x;) in (99) can also be extended to objects/landmarks with boundaries by defining

F@) = £ (@),
J(z) = Jo (e(mt)> U J*(z,),

with e(x;) =

see also Fig. 21.

Initial state optimization

Similarly as in Section 7.1, iLQR can easily be ex-
tended to determine the optimal initial state x; to-
gether with the optimal control commands w, by defining
4 = [z],u"]" as a vector concatenating x; and u.

If the system evolution is linear, * = Su with § =
[Sz, Su] can additionally be used, as in Section 7.1.

. N 0 0

By defining R = 0 R
on the initial state, the optimization problem to estimate
both the initial state 1 and the sequence of control com-
mands © then becomes

min f(x) Qf (x) + @ R,

to remove any constraint

(100)

where f(x) denotes the concatenation of f(a;) for all
time steps.

If only some parts of x; need to be estimated, the
corresponding diagonal entries in R can be set with ar-
bitrary high values, by reformulating the minimization
problem as

min f(2)" Qf (z) + (4 — 1) 'R(@ - p), (101)
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Figure 22: Optimal robot base location for a viapoint task, by
defining a kinematic chain with both revolute and prismatic joints,
which is employed to encode the location of the robot base in the
plane as two prismatic joint variables. In this example, the pris-
matic joints in green represent the initial states that we estimate,
and the angular joints in blue represent the state variables that can
be moved during the task.



\/ ) Figure 24: Reaching tasks

with a bimanual robot
(frontal view). Left: with a

H target for each hand. Right:

M with a target for the hand
on the left, while keeping the
center of mass at the same
location during the whole
movement.

where @ is a vector containing the initial elements in &; that do not need to be estimated, where the other elements
are zero.

The above approach can for example be used to estimate the optimal placement of a robot manipulator. For a
planar robot, this can for example be implemented by defining the kinematic chain starting with two prismatic joints
along the two axes directions, providing a way to represent the location of a free floating platform as two additional
prismatic joints in the kinematic chain. If we would like the base of the robot to remain static, we can request that
these first two prismatic joints will stay still during the motion. By using the above formulation, this can be done by
setting arbitrary large control weights for these corresponding joints, see Figure 22 and the corresponding source code
example.

Center of mass

If we assume an equal mass for each link concentrated at the joint (i.e.,
assuming that the motors and gripper are heavier than the link structures), the
forward kinematics function to determine the center of a mass of an articulated
chain can simply be computed with
1 {ETL cos(Lm)}

fCoM _ =
D |€" Lsin(Lx)

which corresponds to the row average of f in (13) for the first two columns =) ’
@

(position). The corresponding Jacobian matrix is

JCoM — l |:

—sin(Lx)"L diag(ETL)}
D

cos(Lx)" L diag(£" L)

The forward kinematics function f°° can be used in tracking tasks similar
to the ones considering the endeffector, as in Section 8.5.4. Fig. 23 shows
an example in which the starting and ending poses are depicted in different
grayscale levels. The corresponding center of mass is depicted by a darker
semi-filled disc. The area allowed for the center of mass is depicted as a
transparent red rectangle. The task consists of reaching the green object with Figure 23: Reaching task with a hu-
the endeffector at the end of the movement, while always keeping the center manoid (side view) by keeping the center

of mass within the desired bounding box during the movement. zit?;iss in an area defined by the feet lo-

Bimanual robot

We consider a 5-link planar bimanual robot with a torso link shared by the two arms, see Fig. 24. We define the

forward kinematics function as
1 2.3 COS Lz, ;5

( )
f= [123] ngim[lzs];

)
145 OS [1,4,5]
[145] S L$[145])

where the first two and last two dimensions of f correspond to the position of the left and right endeffectors, respec-
tively. The corresponding Jacobian matrix J € R**° has entries

g | —sin(Lx 5 4) "diag(€y .5)L g | —sin(Lay 4, )leag(£[145])L
L2237 cos(Layy 0.) Tdiag(€05)L |7 (8,41, [1.4,5] = cos(Lw[1,4,5) diag(£ 45)L

31



where the remaining entries are zeros.

If we assume a unit mass for each arm link concentrated at the joint and a mass of two units at the tip of the first
link (i.e., assuming that the motors and gripper are heavier than the link structures, and that two motors are located
at the tip of the first link to control the left and right arms), the forward kinematics function to determine the center
of a mass of the bimanual articulated chain in Fig. 24 can be computed with

Foon _ 1 [E[TI,Q,S]L cos(Lxy o) + £

[1,4,5]
6 [ £ .25L sin(Lxy »5) + £

[1,4,5]

Lcos(Lxy 45)
Lsin(Lxy 45)

with the corresponding Jacobian matrix JM € R?*5 computed as

JOoM _ [J[Cl‘:;ﬁ I TR Jﬁ‘,’%[f;ﬁl} :

—sin(Lxy, »5)" L diag(£], , , L)

[1,2,3

cos(Lxy o) L diag(E[Tl,w]L)

[1,4,5

cos(Lxy 4 5)" L diag(€] , L)

[1,4,5]

Wlth JCoMfL — 1 |: :| JCoM—R —
6 )

6

1 [— sin(Laxy, 45) " L diag(€] , ;L)

Obstacle avoidance with ellipsoid shapes

By taking as example a point-mass system, iLQR can be used to solve
an ellipsoidal obstacle avoidance problem with the cost (typically used with
other costs, see Fig. 25 for an example). We first define a ReLU-like function
and its gradient as (see also Fig. 20-right)

: 0, ifd>1 wvor 0, ifd>1
favold(d) — { g d(d) = {

1—d, otherwise’ -1, otherwise ’

that we exploit to define f(x;) and J(x;) in (98) as

fa) = el@), @) =297 (el@) (@ —m)" =7,
with  e(x;) = (2 — p) =7 xy — p).

In the above, f(x) defines a continuous function that is 0 outside the Figure 25: Reaching task with obstacle

obstacle boundaries and 1 at the center of the obstacle. The ellipsoid is avoidance, by starting from @1 and reach-
defined by a center pu and a shape X = VV T where V is a horizontal ing pr while avoiding the two obstacles in
concatenation of vectors V; describing the principal axes of the ellipsoid, red.

see Fig. 25.

A similar principle can be applied to robot manipulators by composing
forward kinematics and obstacle avoidance functions.

Maintaining a desired distance to an object

The obstacle example above can easily be extended to the problem of maintaining a desired distance to an object,
which can also typically used with other objectives. We first define a function and a gradient

Frd=1-d ) =1,
that we exploit to define f(x;) and J(x;) in (98) as
Fla) = 1 (o), @) =~ — )
with e(x;) = T%(:ct — ) (zr — ).

In the above, f(x) defines a continuous function that is 0 on a sphere of radius r centered on the object (defined
by a center p), and increasing/decreasing when moving away from this surface in one direction or the other.
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Figure 26: Example of iLQR optimization with a cost on manipulability, where
the goal is to reach, at the end of the motion, a desired manipulability defined

N at the center of mass (CoM) of a bimanual planar robot. The initial pose of
/ A the bimanual robot is displayed in light gray and the final pose of the robot
‘ @ ‘ is displayed in dark gray. The desired manipulability is represented by the red
ellipse. The achieved manipulability at the end of the motion is represented by
‘ /G
|
|

the gray ellipse. Both manipulability ellipses are displayed at the CoM reached
at the end of the motion, displayed as a semi-filled dark gray disc (the CoM at
the beginning of the motion is displayed in lighter gray color). We can see that

/ the posture adopted by the robot to approach the desired manipulability is to
extend both arms, which is the pose allowing the robot to swiftly move its center
of mass in case of unexpected perturbations.

M Manipulability tracking

Skills transfer can exploit manipulability ellipsoids in the form of geometric descriptors representing the skills to be
transferred to the robot. As these ellipsoids lie on symmetric positive definite (SPD) manifolds, Riemannian geometry
can be used to learn and reproduce these descriptors in a probabilistic manner [3].

Manipulability ellipsoids come in different flavors. They can be defined for either positions or forces (including the
orientation /rotational part). Manipulability can be described at either kinematic or dynamic levels, for either open
or closed linkages (e.g., for bimanual manipulation or in-hand manipulation), and for either actuated or non-actuated
joints [16]. This large set of manipulability ellipsoids provide rich descriptors to characterize robot skills for robots
with legs and arms.

Manipulability ellipsoids are helpful descriptors to handle skill transfer problems involving dissimilar kinematic
chains, such as transferring manipulation skills between humans and robots, or between two robots with different
kinematic chains or capabilities. In such transfer problems, imitation at joint angles level is not possible due to
the different structures, and imitation at endeffector(s) level is limited, because it does not encapsulate postural
information, which is often an essential aspect of the skill that we would like to transfer. Manipulability ellipsoids
provide intermediate descriptors that allows postural information to be transferred indirectly, with the advantage that
it allows different embodiments and capabilities to be considered in the skill transfer process.

The manipulability ellipsoid M (x) = J(z)J(z)" is a symmetric positive definite matrix representing the manip-
ulability at a given point on the kinematic chain defined by a forward kinematics function f(x), given the joint angle
posture x, where J(z) is the Jacobian of f(x). The determinant of M (x) is often used as a scalar manipulability
index indicating the volume of the ellipsoid [18], with the drawback of ignoring the specific shape of this ellipsoid.

In [7], we showed that a geometric cost on manipulability can alternatively be defined with the geodesic distance

c=|A|3 with A=1log(S*M(x)S?),
< c=trace(AAT) = Z trace(A; A} ) = Z AT A; = vec(A) vec(A), (102)

where S is the desired manipulability matrix to reach, log(-) is the logarithm matrix function, and || - || is a Frobenius
norm. By exploiting the trace properties, we can see that (102) can be expressed in a quadratic form, where the
vectorization operation vec(A) can be computed efficiently by exploiting the symmetry of the matrix A. This is
implemented by keeping only the lower half of the matrix, with the elements below the diagonal multiplied by a factor
V2.

The derivatives of (102) with respect to the state & and control commands u can be computed numerically (as in
the provided example), analytically (by following an approach similar to the one presented in [7]), or by automatic
differentiation. The quadratic form of (102) can be exploited to solve the problem with Gauss—Newton optimization,
by using Jacobians (see description in Section 5.1 within the context of inverse kinematics). Mari¢ et al. demonstrated
the advantages of a geometric cost as in (102) for planning problems, by comparing it to alternative widely used
metrics such as the manipulability index and the dexterity index [9].

Note here that manipulability can be defined at several points of interest, including endeffectors and centers of
mass. Figure 26 presents a simple example with a bimanual robot. Manipulability ellipsoids can also be exploited as
descriptors for object affordances, by defining manipulability at the level of specific points on objects or tools held by
the robot. For example, we can consider a manipulability ellipsoid at the level of the head of a hammer. When the
robot grasps the hammer, its endeffector is extended so that the head of the hammer becomes the extremity of the
kinematic chain. In this situation, the different options that the robot has to grasp the hammer will have an impact on
the resulting manipulability at the head of the hammer. Thus, grabbing the hammer at the extremity of the handle will
improve the resulting manipulability. Such descriptors offer promises for learning and optimization in manufacturing
environments, in order to let robots automatically determine the correct ways to employ tools, including grasping
points and body postures.
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Figure 28: Reaching task with control primitives.

The above iLQR approach, with a geodesic cost on SPD manifolds, has been presented for manipulability ellipsoids,
but it can be extended to other descriptors represented as ellipsoids. In particular, stiffness, feedback gains, inertia,
and centroidal momentum have similar structures. For the latter, the centroidal momentum ellipsoid quantifies the
momentum generation ability of the robot [14], which is another useful descriptor for robotics skills. Similarly to
manipulability ellipsoids, it is constructed from Jacobians, which are in this case the centroidal momentum matrices
mapping the joint angle velocities to the centroidal momentum, which sums over the individual link momenta after
projecting each to the robot’s center of mass.

The approach can also be extended to other forms of symmetric positive definite matrices, such as kernel matrices
used in machine learning algorithms to compute similarities, or graph graph Laplacians (a matrix representation of a
graph that can for example be used to construct a low dimensional embedding of a graph).

MEN Decoupling of control commands

In some situations, we would like to control a robot by avoiding that all degrees of

freedom are controlled at the same time. For example, we might in some cases prefer — °
that a mobile manipulator stops moving the arm while the platform is moving and vice
versa.

For a 2 DOFs robot controlled at each time step ¢ with two control command wu; ¢ —
and wug ¢, the corresponding cost to find the full sequence of control commands for a Figure 27: 2D reaching task
duration T (gathered in a concatenated vector u) is problem (initial point in black

and target point in red), with

T an additional cost to favor the
min E (w1 ug)t)Q’ decoupling of the control com-
i — mands.

with corresponding residuals and Jacobian given by
TE=Ulg U, Jp= [U,Qﬂg, ul,t], vte{1,...,T}.
The Gauss—Newton update rule in concatenated vector form is given by
Upp1 & Up — (JTJ)71 J'r,

where « is a line search parameter, r is a vector concatenating vertically all residuals r;, and J is a Jacobian matrix
with J; as block diagonal elements. With some linear algebra machinery, this can also be computed in batch form
using = u; ®uy, and J = (I7_1 @ 11x2) diag((IT_1 ® (Laxo — Ig))u>7 with ® and ® the elementwise product and
Kronecker product operators, respectively.

Figure 27 presents a simple example within a 2D reaching problem with a point mass agent and velocity commands.
m iLQR with control primitives

The use of control primitives can be extended to iLQR, by considering Au = ¥Aw. For problems with quadratic
cost on f(x:) (see previous Section), the update of the weights vector is then given by

—1
A= (\Iﬁs;J(m)TQJ(:c)suxp + \Iﬁqu) ( WS J(x) Qf(x) — \IﬁRu). (103)
For a 5-link kinematic chain, by setting the coordination matrix in (57) as
-1 0 0
2 00
cC=1|-1 0 0f,
0 1 0
0 0 1



Figure 30: Manipulation with object affordances cost. The
depicted pick-and-place task requires the offset at the pick-
ing location to be the same as the offset at the placing loca-
tion, which can be achieved by setting a precision matrix with
nonzero offdiagonal entries, see main text for details. In this
example, an additional cost is set for choosing the picking and
placing points within the object boundaries, which was also
used for the task depicted in Fig. 21. We can see with the
resulting motions that when picking the object, the robot an-
ticipates what will be done later with this object, which can
be viewed as a basic form of object affordance. In the two sit-
uations depicted in the figure, the robot efficiently chooses a
grasping point close to one of the corners of the object, differ-
ent in the two situations, so that the robot can bring the object
at the desired location with less effort and without reaching
joint angle limits.

the first three joints are coordinated such that the third link is always oriented in the same direction, while the last
two joints can move independently. Figure 28 shows an example for a reaching task, with the 5-link kinematic chain
depicting a humanoid robot that needs to keep its torso upright.

Note also that the iLQR updates in (103) can usually be computed faster than in the original formulation, since a
matrix of much smaller dimension needs to be inverted.

iLQR for spacetime optimization

We define a phase variable s; starting from s; = 0
at the beginning of the movement. With an aug- o
mented state z; = [x;,s;]' and control command @
wuy = [uX",ui]", we define the evolution of the sys-
tem @1 = d(xs, ut) as

— X, 8
Xt+1 = AtXt + Btut Uy

s
St4+1 = St + Uy«

Its first order Taylor expansion around &, & pro-

vides the linear system .
AN S _ A, 0 [Axy n Biui Biul| [Auf 0 = 0 = 100
A8t+1 0 1 ASt 0 1 Auf ’

—_— " Y~~~ Figure 29: Spacetime optimization with iLQR for a viapoints task,
Az Ay Axy B Auy

where the estimated durations between consecutive viapoints are shown

with Jacobian matrices A; = dw , By= g—d Note that in the above equations, we used here the notation x; and x; to
describe the standard state and augmented state, respectively. We similarly used {A, B;} and {A;, B;} (with slanted
font) for standard linear system and augmented linear system.

Figure 29 shows a viapoints task example in which both path and duration are optimized (convergence after 10
iterations when starting from zero commands). The example uses a double integrator as linear system defined by
constant A; and B; matrices.

iLQR with offdiagonal elements in the precision matrix

Spatial and/or temporal constraints can be considered by setting [ T _II ] in the corresponding entries of the preci-

sion matrix . With this formulation, we can constrain two positions to be the same without having to predetermine
the position at which the two should meet. Indeed, we can see that a cost ¢ = [5:]" [} T'][2)] = (2 — 2;)? is
minimized when x; =x;.

Such cost can for example be used to define costs on object affordances, see Fig. 30 for an example.

m Car steering

Velocity Control Input
A car motion with position (x1, z3), car orientation 8, and front wheels orientation ¢ (see Fig. 31-left) is characterized
by equations

1 = uqg cos(f), o = uysin(h), 0 = “ tan(g), gb = Uy,

14
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Figure 31: iLQR for car and bicopter control/planning problems.

where £ is the distance between the front and back axles, u; is the back WheglsAvelocity command and us is the front
wheels steering velocity command. Its first order Taylor expansion around (6, ¢, 1) is

Ad 0 0 —y sin(f) 0 Azq cos(d) 0

Ay _ ({00 @ cos(f) A 0 Axo sin(d) 0 {Aul] (104)
AY 00 0 L (tan($)2+1) | | A0 $tan(¢) 0| [Auz]’

Ad 00 0 0 Ag¢ 0 1

which can then be converted to a discrete form with (149).

Acceleration Control Input
A car motion with position (z1, z2), car orientation 6, and front wheels orientation ¢ (see Fig. 31-left) is characterized
by equations

i1 =wcos(d), io=wvsin(d), 0= Etaun(qﬁ), 0=y, ¢=us,

/
where £ is the distance between the front and back axles, u; is the back wheels a(A:ceAleration command and wus is the
front wheels steering velocity command. Its first order Taylor expansion around (6, ¢, ) is

Aty 0 0 —9sin(f) cos(H) 0 Ay 00

Ao 00 dcos(d) sin(h) 0 Axa 00 Au

Al =1]o0 o0 1 tan(¢) 2(tan(¢)2+1)| | A6 | + |00 [Auﬂ, (105)
AD 00 0 0 0 Av 10

Ad 00 0 0 0 Ao 01

which can then be converted to a discrete form with (149).

Bicopter

A planar bicopter of mass m and inertia I actuated by two propellers at distance ¢ (see Fig. 31-right) is characterized
by equations

. 1 . . 1 ;i
i = _E(ul +ug)sin(f), I = E(M +ug)cos(f) —g, 0= 7(“1 - u2),

with acceleration g=9.81 due to gravity. Its first order Taylor expansion around (é, Qg o) is

Adiy 00 0 1007 [Az; 0 0
Azo 00 0 010 Axo 0 0

A6 00 0 001| | A0 0 0 Auy

Aép| ~ |00 =L (a1 +a2)cos(d) 00 0| |Ady T 1=Lsin(d) —Lsin() [AUJ ; (106)
Aig 00 —-L(ig +ag)sin(d) 00 0| |Ad2 Lcos(d) L cos(h)

Al 00 0 000]| A0 £ -4

which can then be converted to a discrete form with (149).

F] Ergodic control

Ergodic control as search behavior

Point tracking Distribution tracking Demonstration of insertion variations Reproduction robust to poor
to provide a reference distribution localization due to sensing errors
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A conventional tracking problem in robotics is characterized by a target to reach, requiring a controller to be
computed to reach this target. In ergodic control, instead of providing a single target point, a probability distribution is
given to the robot, which must cover the distribution in an efficient way. Ergodic control thus consists of moving within
a spatial distribution by spending time in each part of the distribution in proportion to its density (namely, “tracking
a distribution” instead of “tracking a point”). The resulting controller generates natural exploration behaviors, which
can be exploited for active sensing, localization, surveillance, insertion tasks, etc.

In robotics, ergodic control can be exploited in a wide range of problems requiring the automatic exploration of
regions of interest. This is particularly helpful when the available sensing information is not accurate enough to fulfill
the task with a standard controller, but where this information can still guide the robot towards promising areas.
In a collaborative task, it can also be used when the operator’s input is not accurate enough to fully reproduce the
task, which then requires the robot to explore around the requested input (e.g., a point of interest selected by the
operator). For picking and insertion problems, ergodic control can be applied to move around the picking/insertion
point, thereby facilitating the prehension/insertion. It can also be employed for active sensing and localization (either
detected autonomously, or with help by the operator). Here, the robot can plan movements based on the current
information density, and can recompute the commands when new measurements are available (i.e., updating the
spatial distribution used as target).

Ergodic control is originally formulated as a spectral multiscale coverage (SMC) objective [10], which we will see
next. Other ergodic control techniques have later been proposed, including the heat equation driven area coverage
(HEDAC) [6], which we will also be introduced next.

Spectral multiscale coverage (SMC)

The underlying objective of spectral multiscale coverage (SMC) takes a simple form, corresponding to a tracking
problem in the spectral domain (tracking of frequency components) [10]. The advantage of such a control formulation
is that it can be easily combined with other control objectives and constraints.

It requires the spatial distribution to be decomposed as Fourier series, with a cost function comparing the spectral
decomposition of the robot path with the spectral decomposition of the distribution. The resulting controller allows
the robot to explore the given spatial distribution in a natural manner, by starting from a crude exploration
and by refining the search progressively (i.e., matching the Fourier coefficients with an increasing importance
from low to high frequency components).

We will adopt a notation to make links with the superposition of basis functions seen in Section 6. By starting
with the unidimensional case, we will consider a signal g(x) varying along a variable =, where z will be used as a
generic variable that can for example be a time variable or the coordinates of a pixel in an image. The signal g(z) can
be approximated as a weighted superposition of basis functions with

K-1

g(x) = Z wy ¢ ()

k=—K+1

=w'¢(x),

where w and ¢(z) are vectors formed with the elements of wy and ¢ (x), respectively. wy and ¢ (z) denote the
coefficients and basis functions of the Fourier series, with

or(z) = %exp (_iZWI{cx)

1 2rkx . [ 27kx
L<cos( 7 >zsm(L)),VkG[KJrl,...,Kl], (107)

with i the imaginary unit of a complex number (i2 = —1).

The use of Fourier basis functions provides useful connections between the spatial domain and the frequency domain.
Several Fourier series properties can be exploited, notably regarding zero-centered Gaussians, shift, symmetry, and
linear combination. These properties are reported in Table 1 for the 1D case.

Well-known applications of Fourier basis functions in the context of time series include speech processing and the
analysis of periodic motions such as gaits.

In ergodic control, the aim is to find a series of control commands u(t) so that the retrieved trajectory x(t) € R”
covers a bounded space X in proportion of a desired spatial distribution g(«), see Fig. 32-(a). This can be achieved
by defining a metric in the spectral domain, by decomposing in Fourier series coefficients both the desired spatial
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Table 1: Fourier series properties (1D case).

Symmetry property:

If g(z) is real and even, ¢y (x) in (107) is also real and even, simplifying to ¢y(2) = 1 cos(22EL), which then, in
practice, only needs an evaluation on the range k € [0,..., K —1], as the basis functions are even. We then have
g(x) = wo + ZkK:_i wy, 2 cos(2ZEL) | by exploiting cos(0)=1.

Shift property:
If wy, are the Fourier series coefficients of a function g(z), exp(—i@’i)wk are the Fourier coefficients of g(x — ).

Combination property:
If w1 (resp. wy 2) are the Fourier series coefficients of a function g1 (x) (resp. g2(x)), then w1 + aowy 2 are the
Fourier coefficients of oy g1 (x) + asge(x).

Gaussian property:
If go(z) = N(2]0,02) = (2m02)"2 exp(—%) is mirrored to create a real and even periodic function g(z) of
period L > o (implementation details will follow), the corresponding Fourier series coefficients are of the form

2.2 2
wy, = exp(—2Eo)).

Spatial Spectral ) R 2
| min E A (wk — wk)
u(t)

kek
- - o

!
o\

%
oy

Figure 32: 2D ergodic control based on SMC used to generate search behaviors. (a) shows the spatial distribution
g(x) that the agent has to explore, encoded here as a mixture of two Gaussians (gray colormap in left graph). The
right graphs show the corresponding Fourier series coefficients g, in the frequency domain (K = 9 coefficients per
dimension). (b) shows the evolution of the reconstructed spatial distribution g(x) (left graph) and the computation
of the next control command w (red arrow) after 7/10 iterations. The corresponding Fourier series coefficients wy, are
shown in the right graph. (c) shows that after T iterations, the agent covers the space in proportion to the desired
spatial distribution, with a good match of coefficients in the frequency domain (we can see that Wy and wy are nearly
the same). (d) shows how a periodic signal §(x) (with range [—L/2, L/2] for each dimension) can be constructed from
an initial mixture of two Gaussians go(x) (red area). The constructed signal g(x) is composed of eight Gaussians in
this 2D example, by mirroring the Gaussians along horizontal and vertical axes to construct an even signal of period L.
(e) depicts the first few basis functions of the Fourier series for the first four coefficients in each dimension, represented
as a 2D colormap corresponding to periodic signals of different frequencies along two axes.
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distribution g(x) and the (partially) retrieved trajectory x(t). The goal of ergodic control is to minimize

= 03 () (108)

ke
1 T
=§(w—w) A(w—w), (109)
where Ag are weights, Wy are the Fourier series coefficients of g(x), and wy are the Fourier series coefficients along
the trajectory x(t). K is a set of index vectors in NP covering the D-dimensional array k = 7 x r x --- x 7, with

r=10,1,..., K—1] and K the resolution of the array.? w € RE” and @ € RE” are vectors composed of elements wy
and 1wy, respectively. A € RE”*K” ig 5 diagonal weighting matrix with elements Ag. In (108), the weights

_D+1
A= (L4 [R]P) (110)

assign more importance on matching low frequency components (related to a metric for Sobolev spaces of negative
order). The Fourier series coefficients wy, along a trajectory x(t) of continuous duration ¢ are defined as

wg = %/7:0 ok (.’13(7')) dr, (111)

whose discretized version can be computed recursively at each discrete time step ¢ to build

L S 12
s=1

or equivalently in vector form w = 1 Zi L ().
For a spatial signal © € RP, Where x4 is on the interval [—%, L] of period L, Vd€ {1,..., D}, the basis functions
of the Fourier series with Complex exponential functions are defined as (see Fig. 32-(e))

k :1: LD Hexp( 27de$d>
P P
LD H ( ”kd$d> —isin( ”?”), VkeK. (113)

Ergodic control is then set as the constrained problem of computing a control command () at each time step ¢
with

a(t) = argm(ltr)l e(x(t+AL), st &(t) = f(x(t),ul), [ul)] <™, (114)

where the simple system &(t) = wu(t) is considered (control with velocity commands), and where the error term is
approximated with the Taylor series

e(z(t+At)) ~ e(z(t)) + é(x(t))At + %é’(m(t))AtQ. (115)

By using (108), (111), (113) and the chain rule %{ = %%’ the Taylor series is composed of the control term w(t) and
Vet (x(t)) € R™P the gradient of ¢ ((t)) with respect to @(t). Solving the constrained objective in (114) then

results in the analytical solution (see [10] for the complete derivation)

max

u= ( ) — with @ = — A (wk — ﬁ)k)quﬁk (.’E(t))T
&l 2
— V(a) Afw ) (116

where V¢ ((t)) € RP*K” s a concatenation of the vectors V¢ (z(t)).

Figure 32 shows a 2D example of ergodic control to create a motion approximating the distribution given by
a mixture of two Gaussians. A remarkable characteristic of such approach is that the controller produces natural
exploration behaviors (see Fig. 32-(¢)) without relying on stochastic noise in the formulation. In the limit case, if
the distribution g(«) is a single Gaussian with a very small isotropic covariance, the controller results in a standard
tracking behavior.

2ForD:2andK:2,wehavelC:{[8],[‘”,[5},[”}.
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Heat equation driven area coverage (HEDAC)

Heat equation driven area coverage (HEDAC) is an area coverage method that can be used with multiple agents
and a possibly changing reference distribution [6].

The coverage density currently covered by the agent(s) is defined as the convolution of an instantaneous action
and the trajectory, which results in a field occupying the space around the path of the agent. A radial basis function
can for example be used as the instantaneous action.

The algorithm designs a potential field based on the heat equation by using a source term constructed as the
difference between the given goal density and the current coverage density. The movements of the agent(s) are
directed by the gradient of this potential field, leading them to the area of interest and producing paths to achieve the
desired coverage density. The diffusion of the heat allows the agent(s) to get access to this gradient, bringing them to
the regions of the target coverage density that have not been explored yet.

HEDAC considers a target distribution p(x) to be covered, and the time-dependent coverage c(x,t) that one or
multiple moving agents have already covered. The coverage residual e(x,t) is defined as the scalar field

e(zx,t) = p(x) — c(x, t), (117)
which is used to build a virtual heat source with nonnegative values
5(x,t) = max (e(x, t),0)>. (118)

For proper scaling, the heat source is further normalized over the domain using

s(x,t) = (119)

The heat source is then diffused over the domain to propagate the information about the unexplored regions to the
agent(s). For that purpose, we use the heat equation: a second-order partial differential equation (PDE) that models
heat conduction by relating spatial and time derivatives of a scalar field with

ou(x,t)

—5 = alAu(x,t) + s(x, t), (120)

where u(x,t) corresponds to the temperature field, « is a thermal diffusivity parameter, and Au = gi? + gi% +...1s
the Laplacian of the function w. ’

In order to control the agents, the potential field exerts a fictitious force on each of the i-th agent, based on the
gradient of the temperature field

Ji = Vu(z;,t). (121)

Neumann boundary conditions can be imposed (corresponding to thermal insulation), which means that informa-
tion propagation stays within the domain boundary with

ou
— =0, on 09 122
CL=0, on 00, (122)
where () is a n-dimensional domain with Lipschitz continuous boundary.

At each iteration step of the algorithm, we compute the coverage of the agent(s), which cool the temperature field
and mark the regions they cover by updating the coverage distribution ¢;(x,¢). For the i-th agent, the coverage is
computed by the relation

i@ 1) = /0 bz — zi(7))dr, (123)

where ¢(x;) is the footprint or shape of the virtual agent (arbitrary shape). For example, a Gaussian radial basis
functions (RBF) with adjustable shape parameter € can be used, given by

o(x) = (@, (124)
The total coverage containing the exploration effort of all the agents is then computed with

i, t) = % i, 1), (125)

i=1

that is further normalized over the domain using (119) to provide c(x,t).
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Torque-controlled robots

Robot manipulators can sometimes be controlled by using torque commands, allowing us to consider varying stiffness
and compliance behaviors when the robot is in contact with objects, users or its environment. To design efficient
controllers that can make use of this capability, we will typically need to take into account the various kinds of forces
that will act on the robot, which will involve various notions of physics and mechanics. We will start this section
with the description of a computed torque control approach that we can use either in joint space or in task space,
which will be described generically as impedance controllers in the next two sections. In a nutshell, impedance control
is an approach to dynamic control relating force and position. It is often used for applications in which the robot
manipulator physically interacts with its environment.

Impedance control in joint space

A torque-controlled robot can be expressed by the dynamical model
T=M(x)%+c(z, %)+ g(x) + h(x, ) + Text, (126)

where 7 is the actuation torque (the input variable to the robot), M (x) is the inertia matrix (symmetric positive-
definite matrix), c(x, &) = C(z, &) & is the Coriolis and centrifugal torque, g(x) is the gravitational torque, h(x, &)
is the friction torque, Texs is the torque resulting from external forces from the environment.

In order to best exploit the compliant control capability of such robots, the joint torque commands 7 that we
provide most often need to compensate for the various physical effects that are applied to the robot. Removing these
effects mean that we try to estimate what these effects produce at the level of the torques by simulating what effects
will be produce in the physical world, which include (but is not limited to) gravity, inertial forces and friction. In
many applications in robot manipulation, the gravity will have the strongest effect that we will try to compensate.

The estimation of these effects involve physical parameters such as the center of mass of each robot link, the
mass of each robot link, the distribution of mass as an inertia matrix, etc. Robot manufacturers sometimes provide
these values (which can for example be estimated from CAD models of the robot). There are otherwise approaches
to estimate these parameters during a calibration phase. We will assume that we have access to these values. The
estimated model parameters/functions of our robot will be denoted as M (x), é(x, &), §(x) and h(x, ), which might
be close to the real physical values M (x)&, c(x, &), g(x) and h(x, &), but not necessarily the same.

We will consider a desired reference {z?, ¢, #?} that we generically described as position, velocity and acceleration
components.

By using the estimated model parameters of our robot, we can design a control law to reach the desired reference
as

T=K'"(z! —x)+ K’V (2 — &) + M(x) & + &z, &) + §(z) + h(z, &), (127)

where K’7 and K’V are stiffness and damping matrices in joint space.
If we apply this control law to our robot, which will affected by the different physical effects of the physical world
as described in (126), we will obtain a closed-loop system (controlled robot) of the form

K’Pe+ K’Vé+ Mé = Text, (128)

with error term e = &? — . This closed-loop system is simply obtained by inserting our designed control commands

(127) into (126). Thus, with the proposed control law, we can see with (128) that the controlled robot acts as a
mechanical impedance to the environment, corresponding to a mass-spring-damper system in joint space.

Impedance control in task space

The same principle can also be applied to task space by expressing all parts composing the dynamical model of (126)
in the endeffector coordinate system.

Since we used the term joint torques in the previous section to refer to force commands at the joint angle level, we
will use the term wrench to refer to the forces at the level of the endeffector in task space. In the most generic case,
the wrench w will be a 6D force vector by considering both translation and rotational parts (3D for each). The wrench
w applied to the endeffector will then produce reaction torques at joint level, with 7 = J(x)"w, corresponding to the
principle of virtual work.

By using the relations f = J(z)& and f = J(x)& + J(x)& ~ J(x)&, we can see that 7 = M(x)& in the

-1
joint coordinate system becomes w = A(x) f, with A(x) = (J(as) M(sc)_lJ(a:)T) in the endeffector coordinate

system.3

3We can see this with JTw = M# < M 1JTw=% — JM J w=J& < w=(JM1J7)"'f.
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Similarly to (127), we can then define a control law as

. ~

T=J(@) (K" (f' = )+ K" (£ = /) + A@) f) + e(2,2) + §(2) + b, ), (129)

with
Alz) = (J(@ M(:L')_lJ(zc)T)7 . (130)

The controlled robot then acts as a mechanical impedance corresponding to a mass-spring-damper system in task
space.

Forward dynamics for a planar robot manipulator and associated control strategy

The dynamic equation of a planar robot with an arbitrary number of links can be derived using the Lagrangian
formulation, by representing the kinetic and potential energies of the robot as functions of the joint angles. The
dynamic equation can be used in the context of iLQR to control a robot with torque commands, see the provided
examples and Appendix E for computation details.

Orientation representations

Representing orientation is crucial in robotics. For example, controlling the 3D position of a gripper with respect
to the 3D position of an object is not enough for a successful grasp with a robot manipulator. Instead, we need to
consider the full 6D poses of the object and the gripper, which require to consider both position and orientation to
describe the location in space of the robot’s end-effector.

There are many ways to represent orientations, including rotation matrices, Euler angles, axis-angle, unit quater-
nions. Each representation has pros and cons that often depend on what we want to do with these data. It sometimes
requires us to consider multiple representations in the same application, by converting one representation into another.

Rotation matrices

Rotations in the three-dimensional space can be represented by 3 rotation matrices, i.e., by means of 9 parameters.
These parameters, however, are not independent, but constrained by orthonormal conditions (its columns are orthog-
onal unit vectors). The main advantage of rotation matrices is that geometric operation can be directly computed
with standard linear algebra, by multiplying matrices with vectors. The main disadvantage is that it involves the use
of 9 parameters that are not 9 independent parameters but that are instead constrained to 3 independent parameters.

For human analysis, the columns of a rotation matrix correspond to a set of 3 unit vectors forming the base of
a coordinate system, where each vector is orthogonal to the other. By plotting these 3 vectors, we can visualize the
corresponding orientation that the rotation matrix encodes.

Euler angles

A minimal representation of rotations in space requires three independent parameters, which is fulfilled by Euler
angles. With Euler angles, a rotation in space is viewed as a sequence of three elementary rotations. The sequence
ZYX of Euler angles correspond for example to yaw-pitch-roll angles. There are 16 different sequences, some being
more used than others. When using Euler angles, in addition to the three values, it is thus important to specify which
sequence has been used, because the use of these different conventions can easily introduce mistakes.

The main advantage of Euler angles is that they are easy to interpret for human analysis in a compact form, where
the rotation can be mentally interpreted by applying the three orientations in sequence. This might be an advantage
over the rotation matrix, that often requires the corresponding coordinate system to be visualized on a screen to be
interpreted.

One disadvantage of Euler angles is that they are not easy to compose, but there is another more important
disadvantage that drastically limits the use of Euler angles for computation in learning and optimization problems.
With Euler angles, for a given orientation, the 3 angles are uniquely determined except for singular cases when some of
the considered axes have the same or opposite directions. These ambiguities are known as gimbal locks. A gimbal is a
ring that is suspended so it can rotate about an axis. Gimbals are nested one within another to accommodate rotation
about multiple axes. Gimbal lock refers to the loss of one degree of freedom in a three-dimensional, three-gimbal
mechanism that occurs when the axes of 2 of the 3 gimbals are driven into a parallel configuration, ”locking” the
system into rotation in a degenerate two-dimensional space. For example, in a pitch/yaw/roll rotational system, if the
pitch is rotated 90 degrees up or down, the yaw and roll will correspond to the same motion and a degree of freedom
is lost.
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Axis-angle

Axis-angle is a representation of orientation that defines a unit axis u around which a rotation is made with angle
0. By rescaling the unit axis by the rotation angle, we can obtain a representation with 3 parameters. The rotation
vector is not well defined for 6 = 0.

Unit quaternions

The unit quaternion is a nonminimal representation of rotations which shares some similarities with the axis-angle
representation but that overcomes its limitations. A unit quaternion can be stored as a vector of 4 elements, but it
can also be interpreted as a single number, in the same way as a complex number can be stored as a vector of two
elements with the real and imaginary part. Indeed, the quaternion is an extension of complex numbers (with i2 = —1)
to additional abstract symbols i, j, k satisfying the rules

i =j% =k* =ijk=—1. (131)

Unit quaternions can be used to represent orientations. Similarly to the rotation matrix, this representation avoids
the gimbal lock issue, but with a more compact representation (4 instead of 9 parameters).
While the quaternion describes a number, it is convenient in practice to store the parameters of the quaternion
number q; + g2¢ + q3j + q4k as a vector
Q1
a=|?|. (132)
a3
da

The conversion from an axis-angle representation is simple and shows the connections between the two represen-
tations. For a unit axis w and a rotation angle 6, we have

q= [ oo 39} - (133)

usin 5
The main motivation of working with quaternions (which can be viewed as an advantage or as a disadvantage) is
that they come with a specific algebra that allows to fully leverage the quaternion parameterization. For example, in
the quaternion algebra, a quaternion rotation can be defined as p’ = gpg~!, which can be computed efficiently. This
has led unit quaternions to be the most widely used representation in computer graphics, for example.
Conversions between quaternion algebra and linear algebra are possible. For example, the above quaternion rotation
corresponds to the matrix rotation p’ = R p in standard linear algebra, where R is a rotation matrix given by

1-2¢3 —2¢3 2¢2q3 — 2quq1 20204 + 2q3¢1
R = (2qoq3 + 2041 1 —2¢3 —2¢7 2q3qs — 2q2q1 | - (134)
2021 — 2q3q1  293qs +2qaq1 1 — 243 — 2¢3

A rotation matrix R can reversely be converted to a quaternion g by constructing a symmetric 4 x 4 matrix

Ri1—Roo—R33 Ro1+Rio R31+Ris Ry3—R3o
K — 1 Ro1+ Rz Roo—Ri1— R R32+4 Ros R31— R (135)
3 R31+Ris R32+Ros3 R33—Ri11—Rao Ri2—Roy ’
Ra3—R3o R31—Ris Ri2—Roy Ri1+Rox+R3s

whose largest eigenvalue corresponds to gq.

By storing the four elements of a unit quaternion as a vector g, we can interpret g as a point on a (hyper)sphere
of 4 dimensions. Indeed, the norm of 1 induces this geometry. One way to interpret and visualize this easily is to
consider the corresponding problem of a 3D vector constrained to have a unit norm, which means that the points lie
on a 3D sphere of radius 1. Such unit 3D vectors for example correspond to the representation of direction vectors
in robotics (e.g., to represent surface normals for environment modeling). These representations form a manifold that
can leverage the exploitation of Riemannian geometry, which is discussed next.

Riemannian manifolds

Data in robotics are essentially geometric. Riemannian manifolds can facilitate the processing of these geometric data,
which can be applied to a wide range of learning and optimization problems in robotics. In particular, it provides a
principled and simple way to extend algorithms initially developed for Euclidean data to other manifolds, by efficiently
taking into account prior geometric knowledge about these manifolds.

A smooth d-dimensional manifold M is a topological space that locally behaves like the Euclidean space R%. A
Riemannian manifold is a smooth and differentiable manifold equipped with a positive definite metric tensor. For each
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Tangent space — manifold mappings Parallel transport of vector/covariance

Figure 33: Applications in robotics using Riemannian manifolds rely on two well-known principles of Riemannian
geometry: exponential /logarithmic mapping (left) and parallel transport (right), which are depicted here on a S?
manifold embedded in R3. Left: Bidirectional mappings between tangent space and manifold. Right: Parallel transport
of a vector along a geodesic (see main text for details).

point p € M, there exists a tangent space 7, M that locally linearizes the manifold. On a Riemannian manifold, the
metric tensor induces a positive definite inner product on each tangent space 7,M, which allows vector lengths and
angles between vectors to be measured. The affine connection, computed from the metric, is a differential operator
that provides, among other functionalities, a way to compute geodesics and to transport vectors on tangent spaces
along any smooth curves on the manifold. It also fully characterizes the intrinsic curvature and torsion of the manifold.
The Cartesian product of two Riemannian manifolds is also a Riemannian manifold (often called manifold bundles or
manifold composites), which allows joint distributions to be constructed on any combination of Riemannian manifolds.

Riemannian geometry is a rich field of research. For applications in robotics, two main notions of Riemannian
geometry are crucial:

Geodesics: The minimum length curves between two points on a Riemannian manifold are called geodesics. Similarly
to straight lines in Euclidean space, the second derivative is zero everywhere along a geodesic. The exponential map
Expg, : Tz, M — M maps a point u in the tangent space of zg to a point & on the manifold, so that = lies on the
geodesic starting at xg in the direction w. The norm of u is equal to the geodesic distance between @y and x. The
inverse map is called the logarithmic map Log,, : M — Ty, M. Figure 33-left depicts these mapping functions.

Parallel transport: Parallel transport I'g_,p : TgM — Tp M moves vectors between tangent spaces such that the
inner product between two vectors in a tangent space is conserved. It employs the notion of connection, defining
how to associate vectors between infinitesimally close tangent spaces. This connection allows the smooth transport
of a vector from one tangent space to another by sliding it (with infinitesimal moves) along a curve. Figure 33-right
depicts this operation. The flat surfaces show the coordinate systems of several tangent spaces along the geodesic.
The black vectors represent the directions of the geodesic in the tangent spaces. The blue vectors are transported
from g to h. Parallel transport allows a vector w in the tangent space of g to be transported to the tangent space
of h, by ensuring that the angle (i.e., inner product) between w and the direction of the geodesic (represented as
black vectors) are conserved. At point g, this direction is expressed as Logg(h). This operation is crucial to combine
information available at g with information available at h, by taking into account the rotation of the coordinate
systems along the geodesic. In Euclidean space (top-left inset), the parallel transport is simply the identity operator
(a vector operation can be applied to any point without additional transformation). By extension, a covariance matrix
3 can be transported with 3, = 2?21 Ly n(vi) I'y_,(vi), using the eigendecomposition 3 = 2?21 v; v, . For many
manifolds in robotics, this transport operation can equivalently be expressed as a linear mapping X, = Ag 43 A;ﬁ h

The most common manifolds in robotics are homogeneous, with the same curvature at any point on the manifold,
which provides simple analytic expressions for exponential /logarithmic mapping and parallel transport.

Sphere manifolds S? in robotics

The sphere manifold S? is the most widely used non-Euclidean manifold in robotics, as it can encode direction and
orientation information. Unit quaternions S* can be used to represent endeffector (tool tip) orientations. 2 can be
used to represent unit directional vector perpendicular to surfaces (e.g., for contact planning). Revolute joints can be
represented on the torus ST x ST x ... x S'.
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The exponential and logarithmic maps corresponding to the distance

d(z,y) = arccos(z'y), (136)
with 2,y € S computed as
u .
y = Exp,(u) = @ cos(|lul]) + Tl sin([[ul]), (137)
y—z'yzx
u = Log,(y) =d(z,y) —————. 138
o) = dley) (138)
The parallel transport of v € T,S? to 7;8‘{ is given by
Log,(y) v
Iy y(v)=v— W (Logw(y) + Logy(w)>. (139)
In some applications, it can be convenient to define the parallel transport with the alternative equivalent form
Ip y(v) = Az yv, with (140)
Agp .y = —xsin(|Jul|)a” +acos(|ul)a” + (I —wu"),
u

u=Log,(y), and uw=

lull’

highlighting the linear structure of the operation.
Note that in the above representation, w and v are described as vectors with d+ 1 elements contained in 7,S%. An
alternative representation consists of expressing u and v as vectors of d elements in the coordinate system attached

to TS

IR Gaussian distributions on Riemannian manifolds

Several approaches can be used to extend Gaussian distributions

to Riemannian manifolds. The most simple approach consists of N

estimating the mean of the Gaussian as a centroid on the manifold w= *“1'31‘2‘12 3108a(@a) Logg()
(also called Karcher/Fréchet mean), and representing the disper- meM (;en:;olgd (man)

sion of the data as a covariance expressed in the tangent space [~

of the mean [3]. This is an approximation, because distortions ’ * N datapoints

arise when points are too far apart from the mean. However, this
distortion is negligible in most robotics applications. In particu-
lar, this effect is strongly attenuated when the Gaussian covers
a small part of the manifold. This Gaussian representation on a
manifold M is defined as

e T M

Figure 34: Gaussian distribution, where the center of

1
I d T2 _llog (x)"  !Log,(x) the data is described by a point on the manifold and the
NM (.’1}|M, 2) - ((27T) ‘E‘) e’ " 5 spread of the data is described by a covariance matrix

. . . . in the tangent space at this point.
where & € M is a point of the manifold, u € M is the mean of the

distribution (origin of the tangent space), and % € 7, M is the covariance defined in this tangent space.
For a set of N datapoints, this geometric mean corresponds to the minimization

N
min Log (x,)" Lo x,),
iiny" Log,(@,)" Log, (@)

n=1

which can be solved by a simple and fast Gauss-Newton iterative algorithm. The algorithm starts from an initial
estimate on the manifold and an associated tangent space. The datapoints {z,}"_; are projected in this tangent
space to compute a direction vector, which provides an updated estimate of the mean. This process is repeated by
iterating

N
1
w= Y Log (@), p e Expyu),
n=1

until convergence. In practice, for homogeneous manifolds with constant curvatures, this iterative algorithm will
converge very fast, with only a couple of iterations.

After convergence, a covariance is computed in the tangent space as 3 = ﬁ 25:1 Logu(wn) Logu(wn)T, see Fig.
34.

This distribution can for example be used in a control problem to represent a reference to track with an associated
required precision (e.g., learned from a set of demonstrations). Importantly, this geometric mean can be directly
extended to weighted distances, which will be exploited in the next sections for mixture modeling, fusion (product of
Gaussians), regression (Gaussian conditioning) and planning problems.
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Figure 35: Examples of manifolds relevant for robotics.

Other homogeneous manifolds in robotics

Figure 35 shows four examples of homogeneous Riemannian manifolds that can be employed in robotics. For these
four manifolds, the bottom graphs depict S2, Si T H2 and G32, with a clustering problem in which the datapoints
(black dots/planes) are segmented in two classes, each represented by a center (red and blue dots/planes).

The geodesics depicted in Fig. 35 show the specificities of each manifold, see [3] for details. The sphere manifold
S is characterized by constant positive curvature. The elements of Si ., can be represented as the interior of a convex

cone embedded in its tangent space Symd. Here, the three axes correspond to A1, A2 and Ass in the SPD matrix
(1’31; ﬁ;i ) The hyperbolic manifold #? is characterized by constant negative curvature. Several representations exist:
H2 can for example be represented as the interior of a unit disk in Euclidean space, with the boundary of the disk
representing infinitely remote point (Poincaré disk model, as depicted here). In this model, geodesic paths are arcs of
circles intersecting the boundary perpendicularly. G%? is the Grassmann manifold of all p-dimensional subspaces of

R4

Ellipsoids and SPD matrices as Si+ manifolds

Symmetric positive definite (SPD) matrices are widely used in robotics. They can represent stiffness, manipulability
and inertia ellipsoids. They can be used as weight matrices to compute distances. They can also be used to process
sensory data in the form of spatial covariances. For example, to represent the robot’s manipulability capability in
translation and rotation can be encoded as a manipulability ellipsoid S_?_ L

For an affine-invariant distance between X,Y € Si 4

d(X,Y) = |[log(X2Y X %), (141)

the exponential and logarithmic maps on the SPD manifold can be computed as

1

Y =Expx(U) = Xz exp (X 2UX 3)X7, (142)
U =1Logx(Y)=X2log(X *YX 2)X3. (143)

The parallel transport of V € TxS¢, to Ty 8¢, is given by
Ix.y(V)=Ax .y VA% y, withAx .y =Y3X 3. (144)

Non-homogeneous manifolds in robotics

Manifolds with nonconstant curvature can also be employed, such as spaces endowed with a metric, character-
ized by a weighting matrix used to compute distances. Many problems in robotics can be formulated with such
a smoothly varying matrix M that measures the distance between two points x; and x5 as a quadratic error term
¢ = (x1—x2) " M (21—x2), forming a Riemannian metric that describes the underlying manifold (with non-homogeneous
curvature). This weighting matrix can for example represent levels of kinetic energy or stiffness gains to model varying
impedance behaviors. Computation is often more costly for these manifolds with nonconstant curvature, because it
typically requires iterative algorithms instead of the direct analytic expressions typically provided by homogeneous
manifolds.
Figure 36 presents two robotics examples exploiting non-homogeneous Riemannian manifolds.

46



Geodesic path between ;\'& \\
an initial and final point 7\ ! >

Obstacle
. generating geodesics

naturally curving the paths
when close to obstacle

y~ Metric shaping from SDF:
c(Azx) = Az’ = 'Ax

t d

- Inertia

matrices \ .

Joint angle x, .

Figure 36: Left: Transformation of a scalar signed distance field (SDF) and associated derivatives to a smoothly
varying coordinate system to facilitate teleoperation. This coordinate system is shape-centric (both user-centric and
object-centric), in the sense that it is oriented toward the surface normal while ensuring smoothness (by constructing
the SDF as piecewise polynomials). In this example, the commands to approach the surface and move along the
surface at a desired distance then corresponds to piecewise constant commands (see control command profiles in the
graph inset). Center: This coordinate system can also be used to define a cost function with a quadratic error defined
by a covariance matrix. This matrix can be shaped by the distance, to provide a Riemannian metric that smoothly
distorts distances when being close to objects, users and obstacles (represented as covariance ellipses in the figure).
This can be used in control and planning to define geodesic paths based on this metric. This will generate paths that
naturally curve around obstacles when the obstacles are close (see the two point-to-point trajectories in green, either
far from the obstacle or close to the obstacle). Right: The metric can also be weighted by other precision matrices,
including stiffness ellipsoids, manipulability ellipsoids and mass inertia matrices. Inertia matrices are used in the figure
to generate movements from one joint configuration to another while minimizing kinetic energy (in solid lines). The
movement in dashed lines show the baseline movements that would be produced by ignoring inertia (corresponding to
linear interpolation between the two poses).
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Appendices

System dynamics at trajectory level

A linear system is described by
T =Arxe + Brug, Vte{l,...,T}

with states x; € RP and control commands u; € RY.
With the above linearization, we can express all states x; as an explicit function of the initial state ;. By writing

Ty = A1z + Biug,
3 = Asxs + Bous = Ay(A1x1 + Biuy) + Bouo,

A T—2 -3
Tp = <H ATt) T + <H ATt) Biu; + <H ATt) Byuy; + -+ + Br_jur-1,

t=1 t=1 t=1

in a matrix form, we get an expression of the form x = Szx; + Syu, with

. I 0 0 0
o A]_ B, 0 0 ul
AsB B 0 u2
@3 | _ Az A, @1+ 2. 1 '2 . o, (145)
) T—1 -2 , -3 , . . U]
T I, Ar—t <Ht:1 AT—t) B (Ht:1 AT—t) B, .- Br_;
SN——’ —t,_/ Ru,—’
x Sz Su

where S, €R¥*4 2, cRY, 8§, e RT*UT-1) and 4 e RUT-1),

Transfer matrices for single integrator

A single integrator is simply defined as x;y1 = @ + w:At, corresponding to A; = I and B; = IAt, Vt € {1,...,T},
Op p(1-1)

I © InAL]" where L is a lower triangular matrix and ® is
71,111 @ Ip

and transfer matrices S, = 17 ® Ip, and S, =

the Kronecker product operator.

E Derivation of motion equation for a planar robot

We derive each element in (151) individually for j > z, then combine them altogether to derive the dynamic equation
of the system. In this regard, for the first element in (151), we can write

Ty (2 o 22 = () (1)),

whose time derivative can be expressed as

%ZZZ =m; (( - lzq,zcz)fj,l - (lzsz>fj,1 - (lzqzsz) fia+ (lzcz)fﬁ),

where
. J J . J J
fia == Wixsk = > dick, fio =Y Ikirck — Y lrdisk-
k=1 k=1 k=1 k=1
For the second term in (151), we can write

882 = mg(afj’ fia+ af]’ =5 2) = m; (( ~ladec:) fra - (lzqzsz)fj’2>’

and finally, the potential energy term can be calculated as

=mjgl.c..

aqz
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The z-th generalized force can be found by substituting the derived terms to (151) as

(mj(( - lzdzcz>7'“j,1 - (lzslg)fﬂ - (lzdzsz)fj,g + (lzcz>7"j,2) - mj(< - lzqzcz)r‘j,l - (lzqzsz)fm) + mjglzcz)
(mj (( - lzsz)fj,l + (lzcz)é;j,Q) + mjglzcz)
(mj (( - lzsz) ( - zj: UkGrsk — XJ: lkdick) + (lez) (ilquck - ZJ: lké{ﬁSk)) + mjglzcz>

k=1 =1 =1 —

J J N
my (D0 Ll + Y Ll kd?) + > myglece,
k=1 k=1 j=z

S
I

<
Il
N

|
KME

<
I
I

I
.MZ

<
Il
N

I
] =

J

z

where
Ch—k = ChCk — ShSky Sh—k = ShCk — ChSk-

By rearranging the order of elements, we can write
N j N j N
Z m; ( Z lzlkcszrq'k) = Uy — Z m; ( Z lzlkrsszq'la) - Z mjglzcz-
j=z k=1 j=z k=1 Jj=z

Linear systems used in the bimanual tennis serve example

x represents the state trajectory of 3 agents: the left hand, the right hand and the ball. The nonzero elements
correspond to the targets that the three agents must reach. For Agent 3 (the ball), p corresponds to a 2D position
target at time T (ball target), with a corresponding 2D precision matrix (identity matrix) in Q. For Agent 1 and
2 (the hands), p corresponds to 2D position targets active from time % to T (coming back to the initial pose and
maintaining this pose), with corresponding 2D precision matrices (identity matrices) in Q. The constraint that Agents

2 and 3 collide at time L is ensured by setting [ fI }I ] in the entries of the precision matrix @ corresponding to the

2
2D positions of Agents 2 and 3 at % With this formulation, the two positions are constrained to be the same, without
having to predetermine the position at which the two agents should meet.*

The evolution of the system is described by the linear relation &; = Afx; + Bfu;, gathering the behavior of the
3 agents (left hand, right hand and ball) as double integrators with motions affected by gravity. For ¢ < % (left hand

holding the ball), we have

[ X1,¢ ] oIolooolooo X1t 0|0

Xy 00I00O0(0O0O| %, I\0

Jie 000000000 ]| | fi, 0|0

%o 000/0I0/000]| |x2 oo

X2, =/000{00I00O0| %o, |+|0|I {"’”] (146)
for 000[000[000] | fo olo | L%t
X34 070{000/000| |x3; oo u,
%34 000/000/0O0I]| |%s3, 0|0

| fs.] L000/000000] |fs:] |0]O]
R , N—_—— N —

o Ag @ B

At t=7 (right hand hitting the ball), we have

[X1:] [0I0/000/0007 [x;,] [0]0]

X1t 00I000000| |%i, Il0

§ins 000000000 | | fis 0[0

%24 000[070/000] |xa, 0[0

%0 =]000[00I[000] |[%o;|+|O|I [““} (147)
for 000/000(000] | for olo | L%2t]
X3.0 000070000/ |x3; 0[0|
%34 00000000 I | |%3; 0[0

| fsu] Loooj0o0o0j00O] | f3:] [Of0]
— pe T~ B

27T — . -
4Indeed, we can see that a cost c= [;;] [_11 11] [;; ] =(z; — mj)Q is minimized when z; =x;.
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For L <t<Z and t>7 (free motion of the ball), we have

[*14] [0I0/000/000T [x1, 0/0

X1t 00I000[000| |%, Il0

St 000/000[000 | | fi. 0/0

Xt 000070000 |xa, )

X2, =|000[00I000| [%2 |+ |O[I [““]. (148)
Sou 000[000(000| | fo, oo | L%t
X3.1 000[000[0IO0| |x3; oj0| w
%3¢ 000/000[00 I |%3, 0[0

| fs,/ [000/00000O0] |[f3:] [0O]O]
——— N N——

Ty Af Tt B?

In the above, f; = m;g represent the effect of gravity on the three agents, with mass m; and acceleration vector
g= [_90_81] due to gravity. The parameters {A¢, Bf}L |, describing a continuous system, are first converted to their
discrete forms with

Ay =1+ AjAt, By = B{At, Vte{l,...,T}, (149)

which can then be used to define sparse transfer matrices Sy and S,, describing the evolution of the system in a vector
form, starting from an initial state x;, namely x = Spx1 + Sy u.

m Equivalence between LQT and LQR with augmented state space

The equivalence between the original LQT problem and the corresponding LQR problem with an augmented state
space can be shown by using the block matrices composition rule

o M1 Mo -1 I 0 Ss-1 0 I —]\4'12]\4'2_21
M = |:M21 MQQ] M - |:7M2721M21 I 0 M;zl 0 I ’

where M, € R¥4 My e R*P | My, e RPX4 Moy e RP*P and § = My, — M12M251M21 the Schur complement
of the matrix M.

| I o|Q O||I —p

“l-pm 1llo 1l|0 1|

In our case, we have
T -1 T -1
O — ) — || | Q@ T p )

Q '+up" p|
n' 1

and it is easy to see that

Forward dynamics (FD) for a planar robot manipulator

The dynamic equation of a planar robot with an arbitrary number of links can be derived using the Lagrangian
formulation, by representing the kinetic and potential energies of the robot as functions of generalized coordinates,
which are joint angles in this case. For simplicity, we will assume that all masses are located at the end of each link,
and we will neglect the terms that contain rotational energies (i.e, zero moments of inertia). To do this, we exploit
the formulation derived in Section 4 without the orientation part, so the position of the j-th mass can be written as

fj 1 Zi:l ke i . ;
fi= fj72 = : , Wwhere ¢ = COS(Z x;), Sp = sm(z x;), (150)
, i=1

J
Zk:1 lisk i=1

whose corresponding velocity can be calculated as

j koo,
fj — |~ vi::l lk(zkizl ;) Sk .
et (i i)ek
By knowing the velocity, the j-th point kinetic energy can be expressed as
1 . . 1 J k 2 J k 2
1= gt i) = g (- S () s (S ()0 )
k=1 i=1 k=1 i=1
and its potential energy as

Uj=mjgfj2= ij(i:lksk).

k=1
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The kinetic and potential energies are easier to express with absolute angles Zle x; instead of relative angles
x;. This is because the energies of the system are coordinate invariant and are dependent on absolute values. For
simplicity, we define the absolute angles as

k
k. = Z 4,
i=1

so the kinetic energy can be redefined as

Tj = %m](( — ;lquSk)Q + (glquck)z).

The robot’s total kinetic and potential energies are the sum of their corresponding values in each point mass. So,
the Lagrangian of the whole system can be written as

N
Blag = ZTj - Uy,

where N is the number of links. Using the Euler-Lagrange equation, we can write

L dOBw 0B _ AT N1 -Uj) Z (4 doT; 0T | 8U]—) (151)
Fodt GQz 8QZ Cdt aq,z 8Qz dt GQz aq,z 5(12 ’

where u, is the generalized force related to ¢,. This force can be found from the corresponding generalized work w.,
which can be described by

z 1z .z N
w, = {(T T +1)q z < , (152)

TNCjN z2=N

where 7, is the torque applied at z-th joint. The fact that we need subtraction in the first line of (152) is that when
T.+1 is applied on link /.1, its reaction is applied on link ., except for the last joint where there is no reaction from
the proceeding links. Please note that if we had used relative angles in our formulation, we did not need to consider
this reaction as it will be cancelled by itself at link z + 1 (as §,4+1 = ¢ + @,41). That said, generalized forces can be
defined as

ow, (1, —Toy1) 2< N
Uy = = .
04 ™ z=N

By substituting the derived equations into (151), the dynamic equation of a general planar robot with an arbitrary
number of links can be expressed as (for more details, please refer to Appendix B)

N j N j N

Ch—k = ChCL — ShSk,
ij(z:lzlkcz_kq‘k> =, — ij<lelksz_kq'i> — ijglzcz, where { hok B hok hok (153)
Jj=z k=1 Jj=z k=1 Jj=z

Sh—k = SpCL — ChSk.

n (153), the coeflicient of §i, can be written as

N
Lliez—x y_mil(j—k
j=z

where 1(-) is a function that returns 0 if it receives a negative input, and 1 otherwise. The coefficient of (j,% can be

found in a similar way as
N

~Llksa—k »_ mil(j — k).

Jj=z

By concatenation of the results for all z’s, the dynamic equation of the whole system can be expressed as

Mg + g + Cdiag(d)d = u, (154)
where
q1 uy
q2 Uz N N
g=1| |, wu=| 1 |, Mk =LkCrY ml(j—k), C(zk)=LkS.x Y mil(j— k),
qN -1 UN—1 J=z j=z
qnN UN
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N

Zj:l m;lig cos(qr)
N

> j—2 Mjlag cos(gz)

Z;‘V:N—l m;ly 19 cos(qn-1)
mpylngcos(qn)

To use this equation with relative angles and torque commands, one can replace the absolute angles and general
forces by

Z1 1
Z2 T2
g=Lzx, u=L""71, where z=| : |, T=
TN-1 TN-1
TN N
By substituting these variables into (154), we would have
M& + g + Cdiag(Lz)La = T, (155)

where ~ ~
M=L"ML, C=L"C, g=L"g

Please note that elements in M, C and § are defined with absolute angles, which can be replaced with the relative
angles by
qi = Lixa

where L; is the i-th row of L.

iLQR for a robot manipulator with dynamics equation

The nonlinear dynamic equation of a planar robot presented in the above can be expressed as

qi+1| _
Gt+1
For simplicity we start with (154), and at the end, we will describe how the result can be converted to the other

choice of variables. The iLQR method requires (156) to be linearized around the current states and inputs.The
corresponding A; and By can be found according to (73) as

a1  Idt B_].0
7 |Agdt I —2M~'Cdiag(q,)dt|” ' |M~'dt]|”

(156)

q: + q:dt
G+ M1 (u G- Cdiag(tjt)qt>dt :

Ao = g—gz can be found by taking the derivation of (154) w.r.t. g;. The p-th column of Ay, is the partial derivation
of g; w.r.t. p-th joint angle at time ¢ ¢¥ which can be formulated as

Og _ OM 'y a0\ (09 0C
o~ og (u—g—Cdlag(qt)qt)—M (a—qgﬂra—qfdlag(qt)qt)-

Having this done for all p at time ¢, we can write
adt _ M_l ! ~ éd . o M_l ~/ é/d . .
T u— g — Cdiag(q:)q: | — g' + C'diag(qt)q: |,
where

N .
§(ig) = 4 " 2=imaligss ifi=
’ 0 otherwise ’

Inlkcnor S, mil(j—k)  ifp=h#k

cr=1[9¢ 52 .. %} C'(hk,p) = § —lnlicnr Ny ml(G—k) ifp=k#h,
0 otherwise
~ 1 1 1 ~ 0\ .~ e~
(VY = [ oa L o] (M) = -MIMM

_ ~lnlgsnok XN mil(j k) ifp=h#k
M/ (h,k,p) = q Inlpsn—k Z;V:hmj]l(j—k) ifp=k#h.
0 otherwise
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According to Section 8.1, we can concatenate the results for all time steps as

2?1 Aul
qi A'UQ ( )
. =9, . R 157
Agr :
. Aup_
Agr w1

where T is the total time horizon. These variables can be converted to relative angles and joint torque commands by

2‘?1 L 0 ... 0 ﬁzl Auy L™ 0 ... 0 Am
N 0L ... 0 ! Aus o L7 ... 0 ATy
Agr Do o Azp : : : - :7T :
A(jT 0 0O ... L A:IJT A’UJT,1 0 0 ... L ATT,1
L, L.,
so (157) can be rewritten as
ﬁzl ATl A’Tl
1 ATQ ATQ
A : :
Az; ATr_y ATp_q
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